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Abstract. We give a survey of the following six closely related topics: 
(i) a general method for constructing a soliton hierarchy from a split- 
ting of a loop algebra into positive and negative subalgebras, together 
with a sequence of commuting positive elements, (ii) a method — based 
on (i) — for constructing soliton hierarchies from a symmetric space, (iii) 
the dressing action of the negative loop subgroup on the space of solu- 
tions of the related soliton equation, (iv) classical Backlund, Christoffel, 
Lie, and Ribaucour transformations for surfaces in three-space and their 
relation to dressing actions, (v) methods for constructing a Lax pair 
for the Gauss-Codazzi Equation of certain submanifolds that admit Lie 
transforms, (vi) how soliton theory can be used to generalize classical 
soliton surfaces to submanifolds of higher dimension and co-dimension. 
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1. Introduction 

Although it is difficult to give a formal definition of soliton equations, 
it is generally agreed that a soliton equation is a non-linear wave equation 
having the following properties (cf. [271 13} l40l I54j ): 

Existence of explicit n-soliton solutions 

A solitary wave is a traveling wave of the form u(x,t) = f(x — ct) for 
some smooth function / that decays rapidly as \x\ — > oo. An n-soliton 
solution is a solution that is asymptotic to a nontrivial sum of n solitary 
waves Y2i=ifi( x ~ as * ~* ~°° an< ^ to the sum °f the same waves 
Y^i=l fi( x ~ °& ~^ r «) w ith some nonzero phase shifts r% as t — > oo. In 
other words, during nonlinear interaction, the individual solitary waves pass 
through each other, keeping their velocities and shapes, but with phase 
shifts. 

ODE Backlund transformation 

An ODE Backlund transformation is a system of compatible ODEs asso- 
ciated to a given solution of the soliton equation such that solutions of the 
ODE system are again solutions of the soliton equation. If we apply these 
transformations to the vacuum solutions repeatedly, then we get explicit 
multi-soliton solutions. 

Bi-Hamiltonian structure and commuting flows 

A pair of Poisson structures ({ , }o, { , }i) on M is called a bi-Hamiltonian 
structure if co{ , }o + ci{ , }i is a Poisson structure for all constants cq,c\. A 
soliton equation is an evolution equation on a function space. One important 
property is that this function space admits a bi-Hamiltonian structure such 
that the equation is Hamiltonian with respect to both Poisson structures. 
Moreover, one can use these two Poisson structures to construct a hierarchy 
of commuting Hamiltonian PDEs. 

Lax pair and inverse scattering 

A PDE for q : R n V is said to have a (/-valued Lax pair or a zero 
curvature formulation if there is a family of (/-valued connection 1-forms 9\ 
on W l written in terms of q and derivatives of q for A lies in an open subset 
O of C such that the PDE for q is given by the condition that 9\ is flat for 
all A € O, where Q is a finite dimensional Lie algebra. The Lax pair gives 
a linear system with a "spectral parameter" A. The scattering data of a 
solution is the "singularity" of parallel frames of 9\. The inverse scattering 
reconstructs the solution from its scattering data (cf. (5J 154]). 

The above properties will be discussed in more detail in later sections. 
Soliton equations also have algebraic geometric solutions via the spectral 
curve formulation (cf. [36]), a tau function and a Virasoro action (cf. [63J 

EI]). 

Model soliton equations 
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Below are some soliton equations found in 1960s and 70s: The Korteweg- 
de Vries equation (KdV) 

Qt = ^{qxxx + 6qq x ), 

the non-linear Schrodinger equation (NLS) [M] 
the modified KdV (mKdV) 
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Qt = ^(Qxx + 2\q\ q), 



Qt = \{Qxxx + 6q 2 Qx), 
the sine-Gordon equation (SGE) 

q xt = sing, 

and the 3- wave equation [65] for u = (uij) € su(3) with ua = for 1 < i < 3: 
(uij)t = — — —(uij)x + — — —u ik u kj , 1 < i, j, k < 3 distinct, 

CLi — CLj (X)~ — CLj 

where 01,02,03 are fixed distinct real numbers and 61,62,03 are fixed real 
constants. Although KdV and SGE as soliton equations were discovered in 
the 1960s and 1970s, they were already studied in the nineteen century. 
Construction of soliton hierarchy from splittings of Lie algebras 

Zakharov-Shabat found a s/(2)-valued Lax pair for NLS in [63], Ablowitz- 
Kaup-Newell-Segur [1] found si(2)-valued Lax pairs for KdV, mKdV, and 
SGE, Zakharov-Shabat [65] considered equations admitting a zero curva- 
ture formulation depending rationally on A, Adler [3] derived KdV from a 
splitting of the Lie algebra of pseudo-differential operators on the real line, 
Kupershmidt- Wilson [37J found a n x n generalization of mKdV, Drinfeld- 
Sokolov [27] and Wilson [63J constructed soliton hierarchies from splitting 
of loop algebras. These works led to a general method to construct soli- 
ton equations from a splitting of Lie algebras. Many properties of soliton 
equations can be derived in a unifying way from Lie algebra splittings (cf. 

pa eh [57]). 

Soliton hierarchy associated to symmetric spaces 

Given a symmetric space there is a natural Lie subalgebra L of the 
Lie algebra of loops in U <g> C and a splitting of C, where U is the Lie 
algebra of U. We call the soliton hierarchy constructed from this splitting 
the -^-hierarchy. For example, the S*{7(2)-hierarchy contains NLS, the g^lj - 
hierarchy contains the mKdV, and the SC/(3)-hierarchy contains the 3-wave 
equation. If the rank of S is n, then the first n flows in the -^-hierarchy 
are PDEs of first order similar to the 3-wave equation. We put these first 
n flows together to construct the -^--system in [51]. It turns out that many 
■^-systems are Gauss-Codazzi equations for special classes of submanifolds 
admitting geometric transforms. 
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Soliton equations in classical differential geometry 

Soliton equations were also found in classical differential geometry. The 
SGE arose first through the theory of surfaces of constant Gauss curvature 
K = — 1 in M 3 , and the reduced 3- wave equation can be found in Darboux's 
work [23j on triply orthogonal coordinate systems of M 3 . In 1906, da Rios, 
a student of Levi-Civita, wrote a master's thesis, in which he modeled the 
movement of a thin vortex by the motion of a curve propagating in R 3 
along its binomial with curvature as speed. It was much later, in 1971, 
that Hasimoto showed the equivalence of this system with the NLS. These 
equations were rediscovered independently of their geometric history. The 
main contribution of the classical geometers lies in their methods for con- 
structing explicit solutions of these equations from geometric transforms. 
For example: 

K = — 1 surfaces in R 3 , SGE, and Backlund transforms [28] 

There is a Tchebyshef line of curvature coordinate system on surfaces 
in R 3 with K = — 1 such that the Gauss-Codazzi equation written in this 
coordinate system is the SGE. Given a surface M with K = —1 in M 3 , there 
is a one parameter family of new surfaces of curvature —1 related to M by 
Backlund transformations (a special type of line congruence, see section [3]). 
Moreover, this family of new K = — 1 surfaces can be constructed from a 
system of ODEs and infinitely many families of explicit solutions of SGE 
are constructed. 

Isothermic surfaces in M 3 and Ribaucour transforms [22] 

A surface in M 3 is called isothermic if it is parametrized by a conformal 
line of curvature coordinate system. The Gauss-Codazzi equation written 
as a first order system is a soliton equation. Given an isothermic surface M 
in M 3 , there is a family of isothermic surfaces related to M by Ribaucour 
transforms (a special type of sphere congruence, see section 3]). Moreover, 
this family of new isothermic surfaces can be constructed by solving a system 
of compatible ODEs. 

Higher dimension generalizations via differential geometry 

In late 1970s, S. S. Chern suggested to Tenenblat and the author that the 
Gauss-Codazzi Equation of n-submanifolds in M 2n_1 with negative constant 
sectional curvature might be a new soliton equation in more than two vari- 
ables. We found a good coordinate system to write down the Gauss-Codazzi 
equations in terms of a map from W 1 to 0{n) (the generalized sine-Gordon 
equation GSGE), constructed Backlund transformations, a permutability 
formula, and explicit mutli-soliton solutions for GSGE in [49, 50J. Ablowitz, 
Beals, and Tenenblat [2] constructed a Lax pair for GSGE and used the 
inverse scattering method to solve the Cauchy problem for GSGE for small 
rapidly decaying initial data on a non-characteristic line. Although GSGE 
is a PDE in n variables, it is really a system of n commuting determined 
hyperbolic systems in one space and one time variables. Tenenblat gener- 
alized Backlund theory to other space forms in [47] , Dajczer and Tojeiro 
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constructed Ribaucour transforms for flat Lagrangian submanifolds in C n 
and CP n in [19^ [20] . It turns out that all these geometric equations arise 
naturally as ^-systems or twisted -^--systems in soliton theory. 

R-action and associated family 

One reason why many soliton equations arise in submanifold geometry can 
be seen from the method of moving frames: A local orthonormal frame g = 
(ei, . . . , e n+ k) for a submanifold M n in R n+fc is called adapted if e\, . . . ,e n 
are tangent to M. The Gauss-Codazzi equation (GCE) for M is given by 
the flatness for the Maurer-Cartan form 6 = g^ 1 dg. Consider a class of 
n-submanifolds in R n+fc satisfying a certain geometric condition. Suppose 

(a) we can use this geometric condition to find a "good" coordinate 
system on these submanifolds such that its Maurer-Cartan form 9 
and hence the GCE has specially "simple" form, 

(b) there is an R-action on solutions of the GCE, and we call an orbit 
of the induced R-action on this class of submanifolds an associated 
family. 

Then the induced R-action on the Maurer-Cartan form often gives a Lax pair 
for the Gauss-Codazzi equation, which is one of the characteristic properties 
of soliton equations. Thus we call a class of submanifolds soliton submani- 
folds if its Gauss-Codazzi equation is a soliton equation. 

Higher dimension generalization via soliton theory 

Constructions and generalization of geometric transforms for soliton sur- 
faces in R 3 to submanifolds in R n are beautiful but mysterious and usually 
are done case by case. However, geometric transforms for soliton submani- 
folds in R™ can be constructed in a unified way from the action of "simple" 
rational loops on the space of solutions of soliton equations and the per- 
mutability formula is then a consequence of the geometric transforms being 
part of a group action. If the Gauss-Codazzi equation of a class of surfaces 
in R 3 admitting geometric transforms is a soliton equation associated to a 
rank 2 symmetric space, then we can often use the same type of symmetric 
space of higher rank to construct a natural generalization of a class of soliton 
surfaces in R 3 to higher dimension and co-dimension soliton submanifolds. 
For example, the Gauss-Codazzi equation for Christoffel pairs of isothermic 
surfaces in R 3 is the ^^y^p-y^-system [T7], which led to a natural gen- 
eralization to k tuples of isothermic /c-submanifolds in R n whose equation 
is the (^n)xO{k-ii) ' s y s tem. Moreover, the action of rational loops on this 
■^-system gives rise to natural generalizations of Ribaucour transforms and 
permutability formulae for these k tuples of isothermic submanifolds in R n 
(cf. [25]). 

This article is organized as follows: We set up notations for the moving 
frame method for submanifolds in section 2, review the classical notion of 
line congruences and geometric Backlund transformations for surfaces in R 3 
with K = — 1 and n-submanifolds in R 2n_1 with constant sectional curvature 
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— 1 in section 3, and explain the notions of sphere congruences and Ribau- 
cour transforms for isothermic surfaces in section 4. In section 5 we review 
Combescure transforms, O surfaces, and A:-tuples in R n and the fact that 
A;-tuples in R n give a natural generalization of isothermic surface theory to 
arbitrary dimension and co-dimension isothermic submanifolds. In section 
6 we derive the Lax pairs for Gauss-Codazzi equations using the moving 
frame of the associated family for surfaces in R 3 with K = — 1, isother- 
mic surfaces, fc-tuples in R n , and flat Lagrangian submanifolds in C n . In 
section 7 we give a brief discussion of the method of constructing soliton 
hierarchies from splittings of loop algebras and derive formal inverse scat- 
tering, commuting flows, and bi-Hamiltonian structure from the splitting. 
We give definitions of -^--system, twisted ^-system, and the —1 flow on the 
■^-system and their Lax pairs in section 8. We review the construction of 
the action of the group of rational maps / :5 2 = CU{oo}— > Uc such that 
/(oo) = I and / satisfies the j^- reality condition on the space of solutions of 
the ^-system in section 9. In the final section, we give the relation between 
the rational loop group action on the space of solutions of ^-system and 
geometric transformations of the corresponding soliton submanifolds. 

The author selects only few classes of soliton submanifolds in Euclidean 
space to explain the relation between various geometric transforms and 
group actions on solutions of soliton equations. The reader may find more 
examples of soliton submanifolds of space forms and symmetric spaces in 
@71 [301 dH [391 E ED], soliton surfaces in affine geometry in [H [62], and 
soliton submanifolds of conformal geometry in |26[ 113] . For the theory of 
soliton equations, we refer the reader to [271 El SO] and for the theory of 
transformations we refer the reader to |32|, |4"H1 [33] . We also refer to these 
references for more complete lists of works related to soliton equations and 
soliton submanifolds. 



2. The moving frame method for submanifolds 

Let / : M n — > M. n+k be an immersion, and ( , ) the standard inner product 
on R n+fc . The first and second fundamental forms I, II and the induced 
normal connection V 1 - form a complete set of local invariants and they 
must satisfy the Gauss-Codazzi equations. Below we set up notations for 
the method of moving frames of Cartan and Chern. 

Let g = (ei, . . . , e„_|_fc) be a local orthonormal frame on M such that 
e±, . . . , e n are tangent to M, and let wi, . . . , w n be the 1-forms on M dual 
to 

e ij • • • ) e n- Then 

n 

df = Y t w i e i . (2.1) 

i=i 

Since g t g = I, the Maurer-Cartan form 

w = (wab) ■= iT 1 dg 
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is o(n + /c)-valued. In other words, dg = gw, i.e., 

n+k 

de B = ^ WABeA, or equivalently, w A b = {de B ,e A )- 
A=l 

We use the following index conventions: 

1 <i,j,k <n, n + l <a,/3,7 <n + k, l<A,B,C<n + k. 
Then I, II, V -1 are given by 

n n,n+k 

l = ^2 w h 11 = ^2 w i w iae a , V^e a = {de a )^ = ^w^ep, 

i=l i=l,a=n+l f} 

where £ _L denotes the projection of £ onto v(M) along TM. The shape 
operator A v along a normal vector v G v(M) p is the self-adjoint operator on 
TM p defined by (II(ui, u 2 ), = (A v (u 1 ),u 2 ) for all ui,u 2 € TM p . 

Lemma 2.1. Cartan Lemma 

The Levi-Civita connection 1-form (wij)i<.ij<. n for I = Y17=i w i ^ s 
tained by solving the structure equation: 

n 

dWi = — w ij A w ji w ij + w ji = 0' 1 — h J ' < n - (2-2) 

For example, the Levi-Civita connection 1-form (wij) for a diagonal metric 

i = EILi «*(*) 2 ^ is 

w ^k dx ._(^k dx ( 2.3) 

J a,j ai J 

Gauss-Codazzi equations 

Since w = g~ 1 dg, w is a flat o(n + /c)-valued connection 1-form, i.e., 
dw = — w A w. Or equivalently, 

dw AB = -^2w AC Awcb, 1 < A<n + k. (2.4) 

c 

This gives the Gauss-Codazzi-Ricci equation for M: 

Qij = dWij + ^ w ik A Wfcj = ^ w ia A ^ja, ( 2 - 5 ) 
k a 

dw ia = - ^ W ij A w ja ~ ^2 Wi P A ^Z 3 "' ( 2 - 6 ) 
7 i 

where fijj and are the curvature tensors for I and for the induced 

normal connection V -1- respectively. 
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Write Wi a = YljhfjUij. Then hf- = and the matrix for the shape 
operatorj4 eci is (hfj) with respect to the tangent basis e±, . . . ,e n . The Ricci 
equation gives 

n a,/3 = ^2 Wia A Wi P = ^2 h ik h il W k A w i- 

i i,k,l 

Flat and non-degenerate normal bundle 

The normal bundle is flat if the normal curvature is zero, i.e., fiig = 0, 
or equivalently [A ea ,A efj ] = for all n + 1 < a, f3 < n + k. So the normal 
bundle is flat if and only if all shape operators commute. In this case, for 
fixed p € M, we can find a common eigenbasis for the shape operators 
{A v | v e v{M) p }. 

The normal bundle of an n-dimensional submanifold in M. n+k is non- 
degenerate if for each p the space of shape operators {A v \ v £ u(M) p } 
has dimension k. 

Theorem 2.2. Fundamental Theorem of submanifolds in R N [H] 

Let M be an open subset ofW 1 , and r\ an orthogonal rank k vector bundle 
on M with an 0(k) -connection V. Let g be a Riemannian metric on M, 
and £ a smooth section of S 2 (T*M) <S> rj. We construct an o(n + k)-valued 
1-form as follows: 

(1) Choose 1- forms w\ , . . . , w n such that q = Y17=i w 1- 

(2) Solve (wij)i<ij< n from the structure equation (12.21) . 

(3) Choose a local orthonormal frame (s n +i, . . . , s n +fc) for n. Write the 
connection V s a = Yl/3 w fia s l3- 

(4) Write £ = Yl a i j h ij w i w j s a with hfj = h^. Set w ia = -w ai = 

>:, / '-)"> 

If w := {u)AB)i<A,B<n+k is o flat o(n + k)-valued connection 1-form, i.e., 
dw = — w A w, then given xq G M , po £ W l+k , and an orthonormal ba- 
sis {v\, . . . ,v n+ k} ofM. n+k , the following system of first order PDE for 
(/, ei, . . . , e n +fc) is solvable and has a unique solution defined in an open 
subset O of xq in M: 

< de A = YjB w BAeB, (2-8) 
J(xo)=Po, e A {0)=v A - 

Moreover, 

(a) / : O — > M. n+k is an immersion with 1 = and II = ^ hfjWiWje a , 

(b) e a (x) i—)- s a {x) gives a vector bundle isomorphism from v{M) to n 
that preserves the orthogonal structure and maps the induced normal 
connection V -1- to V and II of f to £. 

Remark 2.3. The Fundamental Theorem 12.21 can be formulated as the 
flatness of a (/-valued connection 1-form, where Q is the Lie algebra of the 
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rigid motion group G of R n+k : First note that G can be embedded in GL{n-\- 
k + 1) by 



(j)g,v{x) =gx + v fj , g eO(n + k),v eR n+k . 

The Lie algebra of the rigid motion group is the subalgebra of glin + k + 1): 

The equation for isometric immersion for given I, II, V is (|2.8p . or equiva- 
lently 

This system is solvable for any initial data cq € Oin + fc) and S M n+fc if 
and only if r is flat. Or equivalently, Wi,WAB satisfy the structure equation 
(|2.2p and the Gauss-Codazzi equation (|2.4j) . 





r 




Wi 


where r = 


W ai 









{ o 









3. Line congruences and Backlund transforms 

We review the classical notion of line congruences and geometric Backlund 
transforms for K = — 1 surfaces in IR 3 and for n-submanifolds in R 2n_1 with 
constant sectional curvature —1 ([28, 49, 50J). 

A line congruence in M 3 is a smooth 2- parameter family of lines, 

£(x) = {c(x) + tv(x) \te~R} 

defined for x in an open subset O of M. 2 . A surface / : O ->• M 3 is called 
a focal surface of the line congruence I if fix) G ^(x) and is tangent 
to / at fix) for each a? € O. To find a focal surface is to find a function 
t : — > R such that /(a;) = c(x) + i(x)t> (x) is an immersion and v(x) is 
tangent to / at f{x). This condition is equivalent to 

detif Xl ,f X2 ,v) = 0, 

which is a quadratic equation in t. So generically, there are exactly two focal 
surfaces for a line congruence. Moreover, the two focal surfaces determine 
the line congruence. Hence we call a diffeomorphism (j) : M — > M a line 
congruence if the line jointing p and (j)(p) is tangent to M and M at p and 

respectively for all p € M. 
K = — 1 surfaces in M 3 and the sine-Gordon equation (cf. [281 ^T]) 

We can use the Codazzi equation to prove that if M is a surface in M 3 
with K = — 1, then locally there exists a line of curvature coordinate system 
{x%, X2) such that 

I = cos 2 q dxf + sin 2 q dx 2 ., II = 2 sin q cos q ( dx 2 — dx 2 ) (3-1) 
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for some smooth function q. We call (aci, X2) the Tchebyshef line of curvature 
coordinate system. Note that q is the angle between the asymptotic lines. 
Let w\ = cosq dx\ and W2 = sing dx2- By (|2.3j) . W12 = — q X2 dxi ~ Qxi dx2- 
Use II to see that W13 = sin q dx\ and W23 = — cos q dx2- The Gauss-Codazzi 
equation is given by the flatness of 

(0 -q X2 dxi - q Xl dx 2 

q X2 dxi + q Xl dx 2 
— singdxi cosgda^ 

which gives the sine-Gordon equation (SGE) 

Q X1X1 ~ q X2 x 2 = sin q cos q. (3.3) 
Change to light cone coordinates s, t: 

x\ = s + t, X2 = s — t. 
The fundamental forms (|3.ip become 

I = ds 2 + 2 cos(2g) ds dt + dt 2 , 11 = 2 sin(2g) ds dt. 
The SGE in (s, t) coordinate system is 

q s t = sing cos q. (3-4) 
We call (s,t) the Tchebyshef asymptotic coordinate system. 

Definition 3.1. Backlund transformation 

A line congruence (j> : M — > M* is called a Backlund transformation (BT) 
with constant 9 if for any p G M, the distance between p and p* = cj)(p) is 
sin#, and the angle between the normal line of M at p and the normal line 
of M* at p* is equal to 9. 

Theorem 3.2. Backlund Theorem 

If <$> : M — > M* is a Backlund transformation with constant 9, then both 
M and M* have constant Gaussian curvature K = — 1 and <j) preserves 
Tchebyshef line of curvature and asymptotic coordinates. Conversely, given 
a surface M in M 3 with K = —1, a constant < 9 < it, po € M, and Vq € 
TM po a unit vector, then there exist a unique surface M* and a Backlund 
transformation <j> : M — > M* with constant 9 such that 4>(po) = Po + sin#i;o. 

Analytically to find a BT <j) with constant 9 for a given K = — 1 surface 
M in Theorem 13.21 is to find a unit tangent field v on M such that <fi{x) = 
x + sui9v{x) is a BT. Let &i denote the unit principal directions for i = 1, 2 
and write v = cosq*e± + sing*e2, then the condition that ^ is a BT with 
constant 9 is equivalent to q* solving a system of compatible first order 
ODEs: 

Theorem 3.3. ODE Backlund transform 



sin q dx\ 
- cos q dx2 




(3.2) 
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Given q(s, t) and a non-zero real constant fi, the following system is solv- 
able for q* 

RT f(q* + q)s = Msin(g* - q), 

*" \(q*- q ) t = j l sm( q * + q ), ^ 

if and only if q is a solution of the SGE (|3.4p . Moreover, if q is a solution 
of the SGE then a solution q* of (|3.5p is again a solution of the SGE. 

The parameter 9 for geometric BT in Theorem 13.21 and constant \jl in 
system [331 are related by fj, = tan |. 

Given a solution q of SGE, we can solve the system BT,^ to get a family 
of new solutions of SGE. If we apply this method again, then we get a second 
family of solutions. This gives infinitely many families of solutions from a 
given solution of SGE. For example, the constant function q = is called 
the trivial or vacuum solution of the SGE. The system BTq,^ is 



at = ji sin a. 



It has an explicit solution 



a(s,t) = 2 tan" 1 (e^ l ) . (3.6) 



We can solve Backlund transformation BT Q , i ^ 1 to get another family of so- 
lutions. However, BT aiA11 is not as easy to solve as BTo )M . But instead of 
solving BT a)Ml we can use the following Theorem: 



Theorem 3.4. Bianchi Permutability Theorem 

Let < #i, 02 < tt be constants such that sin 2 9\ ^ sin 2 62, and li : Mq — >• 
Mi Backlund transformations with constant 6i for i = 1,2. Then there exist 
a unique surface M3 and Backlund transformations l\ : M2 — > M3 and 
£2 '■ Mi — > M3 with constant 6\ , 62 respectively such that l\ o £ 2 = £2 o l\ . 
Moreover, if qi is the solution of the SGE corresponding to Mi for < i < 3, 
then 

, an (^ = «±« t a„(^y (3.7) 



Ml - ^2 



where [ii = tan -j- . 



Global verses local 

It follows from the Fundamental Theorem of Surfaces in M 3 that there is 
a bijective correspondence between solutions q of the SGE (|3.3[) satisfying 
Im(g) C (0, ^) and local surfaces in M 3 with K = —1 up to rigid motions. 
So we can construct infinitely many families of K = —1 surfaces in R 3 by 
solving compatible systems of ODEs. Note that if q : R — > M. is a smooth 
solution of SGE such that sin q cos q is zero at a point po, then although the 
map / constructed from the Fundamental Theorem of Surfaces in R 3 fails 
to be an immersion at po, it is smooth at po, df Po has rank 1 and the tangent 
bundle is smooth at po. Thus global solutions of SGE give K = — 1 surfaces 
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in R 3 with cusp singularities but smooth tangent bundle. This is a common 
phenomenon for soliton submanifolds: Although the Cauchy problem for 
small norm initial data can be solved globally, the corresponding soliton 
submanifolds often are only defined locally. 

Explicit multi-soliton solutions for the SGE 

Write the solutions a of BTo iA1 given in (|3.6p in space-time coordinates 
Xl = s + t and x 2 = s - t to get a(x 1 ,x 2 ) = 2 tan" 1 e cscfei-cotfe 2> g Q 

2 $g csc 6x1— cot 9%2 
_|_ g2(csc Oxi— cot 0x2) ' 

Note that a is a traveling wave solution and a Xl decays to zero as \x\\ — > oo. 
Hence SGE viewed as an equation of a xi has solitary wave solutions. These 
are the 1-soliton solutions of the SGE. If we apply permutability formulae to 
these 1-solutions, then we get 2-soliton solutions. Moreover, these solutions 
are asymptotically equal to a sum of two solitary waves as x 2 — >■ — oo and to 
the sum of the same two solitary waves as x 2 — > oo but with phase shifts (cf. 
[18|). Explicit multi-soliton solutions of SGE can be obtained by applying 
permutability formulas repeatedly. 

Lie or Lorentz transform 

Lie observed that SGE is invariant under the Lorentz transformations, 
which are called Lie transforms: If q(s.t) is a solution of SGE (|3.4p and r a 
non-zero real constant, then q(s, t) := q(rs, r _1 i) is also a solution of SGE. 

Associated family of K = — 1 surfaces in R 3 

Given a K = — 1 surface M in R 3 , let q(s,t) denote the corresponding 
solution of the SGE, A G R a non-zero constant, and q x (s,t) = q(Xs, A _1 £). 
The family of K = —1 surfaces in R 3 corresponding to SGE solution q x is 
called the associated family of K = —1 surfaces in R 3 containing M . In 
section [HJ we will use the moving frame of this associated family to derive 
the standard Lax pair for SGE. 

n- submanifolds in R 2n 1 with sectional curvature —1 and GSGE 

The hyperbolic n-manifold M n is the simply connected, complete, n- 
dimensional Riemannian manifold with constant sectional curvature —1. E. 
Cartan proved that HP can not be locally isometrically immersed in R 2n ~ 2 , 
but can be locally isometrically immersed in R 2n_1 and the normal bun- 
dle of such immersions must be flat ([15]). Moore used Codazzi equations 
to prove the existence of line of curvature coordinate systems on such im- 
mersions, a slight improvement of Moore's result was given in [50] to get 
an analogue of Tchebyshef line of curvature coordinate systems, and the 
corresponding Gauss-Codazzi equation is called the generalized sine-Gordon 
equation (GSGE). Backlund theory was generalized to GSGE in [49^ 150] . 

Theorem 3.5. Let M n be a simply connected submanifold of R 2n_1 with 
constant sectional curvature —1. Then the normal bundle v(M) is flat and 
there exist coordinates (xi,...,x n ), an 0(n)-valued map A = (a^), and 
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parallel normal frames e n+ \, . . . , e% n -l such that the first and second funda- 
mental forms are of the form 

n n 

I = y^ajidxl, 11= ai i a ji dx 2 i e n+j -i. 

i=l i=lj=2 
VFe caZZ x i/ie Tchebyshef line of curvature coordinate system for M. 

To write down the Gauss-Codazzi equation for these immersions we set 

Wi = audxi, 1 < i < n, (3-8) 
Wi,n+j-i = -w n +j-i,i = ajidxi. (3.9) 
By (f!Oj) . Wij = fij dxi - fji dxj, where 

°« ' % * 3 \ (3.10) 
lO, i = j, 

Set F = (fij). Then 

a = (wij)i,j<n = 8F - F t 5, 8 = diag(dxi, . . . , dx n ) (3-11) 

is the Levi-Civita o(n)-connection of the induced metric I. The Gauss- 
Codazzi equation and the structure equation give 

jdw + w Aw = —5A t euA5, (3 12) 

\ (akihj = fijdkj, 1 < j < n, 1 < k < n, 

where en is the n x n matrix with all entries zero except the 11-th entry is 
1. Or equivalently, it is the second order PDE system for the 0(n)-valued 
map A = (a,ij): 

(fij)xj + (fji)xi + J2k fikfjk = auOij, i ^ j, 

(fij)x k = fikfkj, h j, A; distinct, (3.13) 

k (ojfci)x j = a k jfij, i ^ j, Vfc. 

This is the GSGE, and when n = 2, it is the SGE. 
Since Y2=\ a li = x > 

O-kiiflkijxi = ^ 1 ®'kj{P'kj)xi = ^ ] O-kj f jjO-ki- 

So we have 

(aki)x t = - y~)akjfji- ( 3 - 14 ) 

j 

It follows from (|3.14p and the third equation of (|3.13p that 

dA = A(8F t — F5). 

So (|3.12p is equivalent to 

J dw + w A w = — 8A t e\\A5, where w = 8F — F l 8, 
I A- l dA = 8F l - F8 



(3.15) 
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Note that we associate to an n-submanifold of R three flat connections: 
the flat o(n)-connection 5F l — F5, the flat o(n, l)-connection 

f5F — F l 5 £*\ , , , , 
I t q), where £ = (wi, ... ,«;„), 

and the flat o(2n — 1) Maurer-Cartan form (u'As) J 4,_B<2n-i- 

To generalize Backlund transformations to higher dimensions, we first 
recall the notion of k angles between two fc-dimensional linear subspace V\ 
and Vi of a 2fc-dimensional inner product space (V, ( , )): Let ir denote the 
orthogonal projection of V onto V±. Define a symmetric bilinear form on 
V2 by (vi,V2) = (ir(vi),ir(v2)). Then there is a self-adjoint operator A on 
V2 such that (vi,V2) = (A(vi),V2)- The k angles between V\ and V2 are 
01, . . . , 6 k if cos 2 61,..., cos 2 are the eigenvalues of A. 

Definition 3.6. Let M,M* be two n-dimensional submanifolds of M 2 ™ -1 
with flat normal bundle. A diffeomorphism <f> : M — >■ M* is called a Backlund 
transformation with constant 9 if for all p € M 

(1) the line joining p and p* = 4>{p) is tangent to M at p and to M* at 

P , 

(2) = sin0, 

(3) the (n — 1) angles between the normal space v{M) p and v(M*) p * 
are all equal to the constant 9 (note that these normal spaces are 
two (n — 1) dimensional linear subspaces of the (2n — 2) dimensional 
subspace of IR 2n_1 that is perpendicular to p — p*). 

Let £(p) denote the line in M 2n_1 through p and 4>(p) for a Backlund 
transformation <f> : M — > M*. Then condition (1) says that £ is an n- 
parameter family of lines in R 2n_1 (i.e., an n-dimension line congruence in 
IR 2 ™" 1 ) and M, M* are focal surfaces of L 

Theorem 3.7. If (j) : M — > M* is a Backlund transformation for n- 
dimensional submanifolds in M 2n_1 with constant 9, then both M, M* have 
constant sectional curvature —1. Moreover, 4> maps Tchebyshef line of cur- 
vature coordinate system of M to that of M* . 

Let 

Ife,n-it = dfag(ei; . . . , e n ), where = 1 for i < k, e« = — 1 for k < i < n. 

Backlund transform analytically gives 

Theorem 3.8. Given a smooth A : W 1 — > 0(n) and real non-zero constant 
X, the following system for X : M. n — > 0(n), 

BT AiA : dX = X5A l D x X - Xu - D X A5, (3.16) 

is solvable if and only if A is a solution of GSGE, where D\ = ^ AI+ 2 — — , 
J = Ii,n-i- Moreover, the solution X is again a solution of GSGE. 

The constant 9 and A are related by A = tan | . 

There is an analogue of Permutability Theorem for GSGE: 
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Theorem 3.9. Let <pi : Mq — > Mj 6e Backlund transformations for n- 
dimensional submanifolds in M 2n_1 with constant 9i for i = 1,2. 7/ sin 2 0i 7^ 
sin 2 ^2; then there exist unique M3 and Backlund transformations ip± : M 2 —t 
M3 and ^2 : Mi — > M3 with angles 6\ , 62 respectively such that ip\ o </> 2 = 
^2 01 ■ Moreover, if A4 is the solution of the GSGE corresponding to Mi 
for i = 0, 1, 2, 3, £/ien 

^0 1 = (~ D 2 + DiA^r 1 )^! - D 2 A 2 A^ 1 y\ n _ 1 , (3.17) 
where Di = diag(csc 6>j, cot 9i, . . . , cot . 

In other words, given a solution Ao of the GSGE, we solve BT y j 0i j ! with 
Aj = esc #j + cot 6i to get A4 for i = 1, 2. Then ^3 defined by the algebraic 
formula (|3.17p is a solution of BT^^ and BTa 2: \ 1 - Since the constant map 
A = I is a solution of the GSGE, we can apply BT and permutability formula 
to construct infinitely many families of explicit solutions of the GSGE. 



4. Sphere congruences and Ribaucour transforms 

We review the notion of sphere congruences, Christoffel and Ribaucour 
transforms for isothermic surfaces in M 3 (cf. [22 1). 

A sphere congruence in R 3 is a smooth 2-parameter family of 2-spheres 
in M 3 : 

S(x) = {c(x) + r(x)y \ y € S 2 }, x € O, 

where c : O — > M 3 and r : O — > (0, 00) are smooth maps, and is an open 
subset of M 2 . A surface / : O — >• R 3 is called an envelope of the sphere 
congruence 5 if /(p) € and / is tangent to the sphere S(p) at f{p). 
To construct envelopes of S, we need to find a map y : ->• S" 2 such that 
/(x) = c(x) + r(x)y(x) satisfying 

f Xl -y = f X2 -y = 0. (4.1) 

Generically there are exactly two envelopes. If M and M are two envelopes 
of the sphere congruence S, then there is a natural map <p : M — > M such 
that for each p £ M, there exists ifO such that the sphere S(x) is tangent 
to M and M at p and 0(p) respectively. Note that the map <fi determines 
the sphere congruence S. Hence we make the following definition: 

Definition 4.1. Ribaucour transform for surfaces in M 3 

A diffeomorphism <f> : M — >• M is called a sphere congruence if for each 
p € M, the normal line of M at p intersects the normal line of M at (j){p) 
at equal distance r{p). A sphere congruence (ft from a surface M in R 3 to a 
surface M in M 3 is called a Ribaucour transform if ^ maps line of curvature 
coordinates of M to those of M. 

Isothermic surfaces 
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An immersion f(x\,x 2 ) € K 3 is called isothermic if (x\,x 2 ) is both a 
conformal and line of curvature coordinate system. In other words, / is 
isothermic if fundamental forms for / are 

1 = e 2q (dx\+ Ax 2 2 ), 11 = e q {r 1 dx\ + r 2 dx 2 2 ), (4.2) 

for some smooth functions q, r\ and r 2 . 
Set 

w± = e q dx±, w 2 = e q dx 2 , wi^ = r\dx\, = r 2 dx2 . 

By (|2.3p . W12 = q X2 d^i — fej dx2- The Gauss-Codazzi equation is: 

feu, + fe 2 z 2 + H^2 = 0, 

{n)x 2 = Qx 2 r 2 , (4-3) 
{r2) Xl = fe/i- 

For example, constant mean curvature surfaces in R 3 away from umbilic 
points are isothermic. 

Ribaucour transform for isothermic surfaces 

Given an isothermic surface M in M 3 , there exist an one parameter fam- 
ily of isothermic surfaces M\ and Ribaucour transforms (f)\ : M — > M\. 
Moreover, 4>\ can be constructed by solving a system of compatible ODEs. 
Bianchi proved a permutability formula for these Ribaucour transforms be- 
tween isothermic surfaces. 
Christoffel Transform 

A Christoffel transform is an orientation reversing conformal diffeomor- 
phism (j) : M — > M such that TM p is parallel to TM^u,\ for all p £ M. 

We call (M,M) a Christoffel pair. Note that if (q, ri,r 2 ) is a solution of 
(|4.3p then so is (—q,ri,—r 2 ). This fact gives the Christoffel transform for 
isothermic surfaces: 

Theorem 4.2. A surface M in M 3 is isothermic if and only if there exist 
a second surface M and a Christoffel transform 4> : M —> M . Moreover, if 
f(xi,x 2 ) 1 — y f(x\,x 2 ) is a Christoffel transform, then the fundamental forms 
of M and M are of the forms 

I = e 2q { dxl + dxl), II = e q {n dxj + r 2 dxj), 

I = e~ 2q (dx\ + dx 2 ), II = e~ q (r 1 dx\ - r 2 dx 2 2 ) . 

for some smooth solution (q,r\,r 2 ) of ()4.3j) . 

Associated family of Christoffel pairs 

If (/1, f 2 ) is a Christoffel pair of isothermic surfaces in R 3 , then 

{(A/i,A/ a ) I AeR} 

is an associated family of Christoffel pairs of isothermic surfaces in M 3 . The 
induced action of M + on the space of solutions of (|4.3p is 

s * (q,ri,r 2 ) = (q + lns,ri,r 2 ), s€R + . 
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5. COMBESCURE TRANSFORMS, O-SURFACES, AND fc-TUPLES 

We review the notions of conjugate coordinates on surfaces in M 3 , the 
Combescure transforms between surfaces in IR 3 , O surfaces defined in [45] . 
and fc-tuples of k-submanifolds in M. n defined in [111 [25] . 

In classical geometry, a local coordinate system (x\,X2) on a surface M 
in M 3 is said to be conjugate if the position function f(x\,x%) satisfies 

for some smooth functions hi,ti2\ or equivalently, II is diagonalized with 
respect to (xi, X2). The collection of coordinate curves {xi = Cj | q 6 R, i = 
1,2} is called a conjugate net on M. An orthogonal conjugate coordinate 
system on a surface in R 3 is a line of curvature coordinate system, and the 
corresponding net is called an O-net (cf. [28J). Note that a surface away 
from umbilic points admits line of curvature coordinates. 

Given surfaces M, M in R 3 , a diffeomorphism (f) : M — > M is a Combescure 
transform if TM p = TMm p \ for all p € M . These classical notions can be 
generalized to submanifolds in Euclidean spaces as follows: 
Conjugate coordinate system for submanifolds in W l 

A coordinate system x on a A;-dimensional submanifold M in M. n is called 
conjugate if the position function f(x) satisfies the following conditions: 

k 

fxiXj = ^2 Ci ^f x e> l<i < 3 <k 

1=1 

for some smooth functions Cijg. We call the collection of all coordinate curves 
of a conjugate coordinate system a conjugate net on the submanifold. 

If f(x) is an immersion parametrized by conjugate coordinate system, 
then f Xi are eigenvectors of the shape operator A v along any normal vector 
field v. So all shape operators commute, which implies that the normal 
bundle of / must be flat. An orthogonal conjugate coordinate system on a 
submanifold in M. n is a line of curvature coordinate system. Unlike surfaces 
in M 3 , submanifolds in Euclidean space with flat normal bundle generically 
do not admit line of curvature coordinate systems. 

Definition 5.1. Combescure transform for submanifolds 

A diffeomorphism <j) from a /c-dimensional submanifold M to another M 
in W 1 is called a Combescure transform if TM p = TM^( p \ for all p G M. 

Definition 5.2. Combescure O-transform [25] 

Let M, M be submanifolds in W 1 admitting line of curvature coordinates 
(so they have flat normal bundles). A Combescure transform <p : M — > M 
is called a Combescure O-transform if 

(1) <fi preserves line of curvature coordinates, 

(2) if v is parallel normal field on M, then v is a parallel normal field 
on M (since TM p = TMm^ for all p € M, we can identify v{M) p 
as i/(M)^)). 
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Definition 5.3. Combescure O-map [25J 

Let Si be an open subset of M. k , and M nx e the space of real n x I matrices 
with I < k. A smooth map Y = (Yx,...,Yg) : Si — > Ad nx i is called a 
Combescure O-map if it satisfies the following conditions: 

(a) Each Yi : SI — > W 1 is an immersion with flat normal bundle and 
parametrized by line of curvature coordinates. 

(b) The map Yi{x) i— > Yj+i(x) is a Combescure O-transform for 1 < i < 

(c) Let ej be the unit direction of (Yx) x . for 1 < j < k (so is parallel to 
(Y)xi for 2 < i < £), and a^s defined by (Y)xj = a-ijCj for 1 < i < £ 
and j < k. We call (atj) the metric matrix associated to Y. The 
rank of (a,j(x)) is i for all x € £1, 

Remark 5.4. Let Y = {Yi, . . . ,Y e ) : SI ^ M nx e be a Combescure O- 
map, and (eiy) the metric matrix associated to Y. Let (e^+i, . . . , e n ) be 
an orthonormal parallel normal frame for Y±, and g = (ei,...,e n ). Then 
g is an adapted frame on Yj for all 1 < j < k. Hence they have the same 
Maurer-Cartan form g _1 dg = (wab)- By Cartan Lemma 12.11 and (|2.3p . we 
have 

i£Vs = dx r ax s , i < r fz s < k, 1 < i < i. 

ai s ®ir 

So 

(Oirk = (oirk ^ l<r^S<ife, l<i<£. 

Geometrically, this means that Vj-e$ = Vie^ for all i, j < k, where V-,- is the 
Levi-Civita connection of the induced metric Ij of Yj. Since x is a line of 
curvature coordinate system, there exist smooth functions h{ a such that 

Wia = hi a dxi, l<i<k,k<a<n. 

Definition 5.5. O surfaces (|45j) 

Two surfaces fi(x), f2(x) in R 3 parametrized by line of curvature coordi- 
nates are called O-surfaces if 

(a) the map f\{x) h- >■ /2(x) is a Combescure transform for all i ^ j, 
n\ (a2i)x 2 _ (aii)x 2 an( j (a22)x 1 _ ( ai2 ) 3: i w h ere g . i s the un it direction 

v ' a22 ai2 Q21 an ' •< 

of (fi) X j (hence ej is parallel to \f2)x j ) for j = 1,2 and a^-'s are 
defined by (fi) Xj = a^ej for i,j = 1,2. 

As a consequence of Remark I5.4| we have 

Proposition 5.6. Two surfaces f(x), f(x) parametrized by line of curvature 
coordinates are surfaces if and only if the map (/, /) is a Combescure O- 
map. 

Definition 5.7. /c-tuples in R" [TTjl25] 

A Combescure O-map Y = (Yi, . . . , Y}~) of /c-dimensional submanifolds in 
W 1 is called 
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(1) a k-tuple of k-submanifolds in R n of type R fc_ ^ (or just fc-tuple in 
R n of type R fc_ ") if all rows of the metric matrix of Y have constant 
length in M. k ~ e > £ . 

(2) a k-tuples of k-submanifolds in R n of type 0(k — £,£) if the metric 
matrix of Y lies in 0(k — 1,1), 

(3) a a k-tuple of k-submanifolds in R n of null M, k ~ e,e type if all rows of 
the metric matrix of Y are null vectors in R fc_ ^. 

Combescure O-maps and 2-tuples occur naturally in surface geometry: 

Example 5.8. If f(x) is a surface in R 3 parametrized by line of curvature 
coordinates, then {/, 63} and {/, / + re^} are O surfaces in R 3 , where r € R 
is a constant and e% is the unit normal. 

Example 5.9. A Christoffel pair of isothermic surfaces {f\, f%) is a Combes- 



cure O-map whose metric matrix (ay) is of the form \^ e - q e — <? ) ^ or some 
q, i.e., it is a 2-tuple in R 3 of null R ' type. 

Example 5.10. [IHI35j 

A 2-tuple (/i,/2) of surfaces in R 3 of type 0(1,1) is a Combescure O- 

map whose metric matrix is of the form f cos | 1 ^ si 11 ^*/ 

ysmh q cosh q J 

fundamental forms for Y\ , Y% are 

{Ii = cosh 2 u dxf + sinh 2 u da; 2 , 
III = T\ cosh u dx\ + T2 sinh u dx\ , 

J I2 = sinh 2 u dx\ + cosh 2 u dx| , 
1 II2 = r% sinh u dx 2 + r2 cosh u dx|- 

Note that 

(1) the Gaussian curvature of f\ and fi are equal, K\{x) = K2(x), 

(2) (Y\ + Y2, Y\ — Y2) is an isothermic pair. 

Example 5.11. PU SS] A 2-tuple (fi,f 2 ) of surfaces in R 3 of type 0(2) is 

a Combescure O-map whose metric matrix is of the form ( COS ^ Sm 

y— sing cos q 

and the fundamental forms of Y\, Y2 are 

J Ii = cos 2 q dx 2 + sin 2 q dx 2 , J I2 = sin 2 q dx 2 + cos 2 q dx 2 , 

} III = T\ cos g 1 dx 2 + T2 sin g dx 2 , [ II2 = T\ sin q dxf — T2 cos q dx 2 . 

Thus the Gaussian curvature K\(x) = —K2(x). 

If /i(x) is a surface with K = — 1 parametrized by Tchebyshef line of 
curvature coordinates as in section [3l then r\ = sin q, T2 = — cos q, q is a 
solution of SGE, and (/, 63) is a 2-tuple of surfaces in R 3 of type 0(2). 

Definition 5.12. Isothermic^ A>submanifolds in R n [25] 
A A;-dimensional submanifold M in R n is isothermic^ if 
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(1) the normal bundle is flat, 

(2) there is a. line of curvature coordinate system (sci, • • • ; %k 

) such that 

1 = E<Li 9ii satisfies Y£Zx 9u ~ T,i=k-e+i 9ii = °- 
Remark 5.13. 

(1) A fc-tuple in R n of type 0(k - 1,1) is of type R k ~ e < e , 

(2) a Christoffel pair of isothermic surfaces in W 1 is a 2-tuple in R n of 
null M 1,1 type (cf. PHEE2]) 

(3) The equation for fc-tuples in W n of type M k ~ e ' i is the o^n)xO(k-ee) ' 
system and there are Ribaucour transforms and permutability for- 
mulae for these /c-tuples. These will be reviewed in sections 8 and 
10. 

(4) If Y = (Yi, . . . , Yfc) is a fc-tuple in R n of null R k ~ e ' e type, then each 
Yi is an isothermic^ submanifold in R n and Yi and Yj are related by 
Combescure O-transforms. 



6. From moving frame to Lax pair 

Suppose the PDE for q : W 1 — > V has a (/-valued Lax pair 0\ on R n , 
where Q is the Lie algebra of a Lie group G. If q is a solution of the PDE, 
then given Co G G there is a unique G-valued solution E(x, A) for 

E- 1 dE = 9 x , £(0,A) = c , 

which will be called a parallel frame of the solution q or of its Lax pair 9\. 
The solution with initial data cq = I is called the normalized parallel frame. 

The existence of a Lax pair is one of the characteristic properties of soliton 
equations. The SGE, GSGE, and the Gauss-Codazzi equation for isothermic 
surfaces and for flat Lagrangian submanifolds in C™, and the equation for 
/c-tuples in W 1 of type M fc_ ^ are soliton equations and their Lax pairs were 
found in [H [21 [T71 [58j [25] respectively. In general, it is not easy to determine 
whether a PDE has a Lax pair. We explain in this section how to construct 

(1) Lax pairs for SGE, GSGE, equations for flat Lagrangian submani- 
folds in C n , and for /c-tuples in M n of type from the Maurer- 
Cartan forms of specially chosen moving frames of the associated 
family of these submanifolds, 

(2) the immersions of these submanifolds from parallel frames of the 
corresponding Lax pairs. 

K = — 1 surfaces in R 3 

Lax pair (cf. [?1 [56] ) 

Suppose M is a surface in M 3 with K = —1, (s, t) the Tchebyshef asymp- 
totic coordinate system, and q(s,t) is the solution of SGE corresponding to 
M. Let / A : M A — > M 3 denote the K = —1 surface corresponding to the 
solution q x (s,t) = q(\s, A _1 i). We derive a Lax pair for the SGE from the 
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Maurer-Cartan form for M x : For each non-zero real A, choose the orthonor- 
mal frame F x = (e^e^e^) on M x such that e x = f x , and 63 is the unit 
normal to M x . Set w x := (F x )- 1 dF x . Substitute (^s,2Ai) for (s,t) in 
to get a one-parameter family of flat o(3)-valued connection 1-forms: 



I -2q s \ 1 / sin2<A 

o; A = 2g s -2A ds + — cos2g dt. (6.1) 

\ 2A / 2 \-sin2g -cos2g / 

To get the known Lax pair of SGE, we identify the Lie algebra o(3) as 
su(2) to rewrite the family w A of o(3)-valued connections as a family of flat 
sn(2)-valued connection 1-forms: 

-iA — q s \ , i / cos2g — sin2g\ ,, ,„ 
qs i?J ds + 4A (-sin 2, -co S 2gJ dt <M 

Moreover, given g : M? — > M, then q is a solution of the SGE if and only if 
6\ defined by (|6.2p is flat for all non-zero A € C. 
Sym 's formula 

If q is a solution of the SGE, then we can construct the corresponding 
surface with K = — 1 in K 3 from a parallel frame of the Lax pair associated 
to q as follows: Set 9\ by (16, 2j) . and let F(s, i, A) be a parallel frame for 6\, 
i.e., the solution of 

E~ 1 dE = O x , £(0,0, A) = c € 517(2). 

Since (9| + 6» A = 0, £?(s, t, A)*£(s, t, A) = I. Hence E(s, t, r) £ SU(2) for any 
real number r. Set 

dX A=r 

Because E(s,t,r) G SU(2) for r £ 1, we have / r G su{2). Also 
d/ r = E (, t , r) (("' °) d» + ^ ("™* £*) *) E(s,t,r)~ 1 . 

If we identify su(2) as K 3 , then / := /1 (s, t) is a surface with K = — 1, (s, i) 

2 

is the Tchebyshef asymptotic coordinate system, and g is the solution of the 
SGE corresponding to /. 

n-submanifolds in M 2n_1 with sectional curvature —1 

Lax pair 

Let / : M n — > R 2n_1 be an immersion with sectional curvature — 1, x the 
Tchebyshef line of curvature coordinate system, the unit direction of f Xi , 
(e n +i, . . . , e2n-i) the parallel normal frame, and 

n n 

I = y]audxj, 11= ^2 auajidxien+j-i, 

i=l i=l,i=2 

the fundamental forms as in Theorem 13.51 Set F = (fij) as in (|3.10p . Wi = 

audxi, w it n + j-i = ajidxi, Wij = fydxi - fjidxj and u> n +i-i,n+j-i = 0. 



22 



CHUU-LIAN TERNG* 



We associate to the immersion / two flat connection 1-forms: The sec- 
tional curvature of I = Y17=i w i ^ s — giving 

dwij + w ik w kj = -WiWj, 

k 

which is equivalent to 

Ci = o) ' u> = (wij)ij< n , £ = (wi, . . . ,w n ) 

being a flat o(n, l)-valued connection 1-form. The Maurer-Cartan form of 
/ gives a flat o(2n — l)-valued 1-form 

w = g' 1 dg = (w A b) = ( q \ , 

where g = (ej, . . . , e 2n -i), w = {wij)i,j<n and 77^ = a/j dxj. 

It is easy to see that an o{2n — l)-valued 1-form ( ^ ^ is flat if and 
only if 

u ( lo (\ A / w r\ 

C2 = • t n = n _„t 





n 


—if 





G 









irf J \0 -ij \-rf 0, 

is a flat o(n, n — 1, C)-valued 1-form. We embed o(n, 1) and o(n, n — 1) into 
o(n, n) as Lie subalgebras by 

o(n, 1) = {y = (yij) G o(n,n) \ Vij = 0, V n + 1 < i,j < 2n}, 

o(n, n - 1) = {y = (y^) G o(n, n) | j/i^+i = y n +i,i = V 1 < i < n}. 

Use these embeddings to write Ci>C2 as flat o(n, n)-valued 1-forms: 

C-( U 5AtD A 7-12 

where J = diag( dxi, . . . , dx n ), D\ = en = diag(l, 0, . . . , 0) and D2 = 
i(I — en). The flatness of £i and £2 gives: 

fdw + wAwi (L4*D 2 yl<5 = 0, where w = 5F - F l 5, 
\ DdA A5 + DA5 Aw = 



for D = D\ or D = Di- Write system (|6.3p in terms of A and F to get the 
GSGE (^T5D . 

Set -Dg = cos #Di + s'm8D2 = diag(cos 9, isin#, . . . , i sin 6). Then Dq = 
- sin 2 81 + D 1 . Since 5 A 5 = 0, 6A t D^A6 = SA^uAS. So ([S3]) is flat for all 
D = \{e i9 \ + e-' e Ii, n _i). Hence 



\D X A5 y 



K=\n A* n ) ' (M 



is a flat o(n, n)-valued connection 1-form on M. n for all A = e , where -Da 
1 

2 



i(AI + A" 1 J), w = 6F - F*<5, and yl" 1 dA = - FS. Moreover, A is a 



GEOMETRIC TRANSFORMATIONS AND SOLITON EQUATIONS 23 

solution of GSGE if and only if 9\ is flat for all A ^ 0. This is the Lax pair 
given in [2] for the GSGE. 

SGE has two Lax pairs 

Note that SGE has two Lax pairs, one is the si (2, C)-valued connection 
1-form (|6,2p in asymptotic coordinates and the other is the o(2, 2)-valued 
connection 1-form (I6.4p in line of curvature coordinates. 

Construct immersions 

Suppose (A = (aij),F = (/y)) is a solution of the GSGE and Q\ 

the Lax pair defined by (16. 4D . Let E(x,X) denote the normalized parallel 
frame of 6\, and 

0(*):=(£ f)E(x,i)(l _°. 

Then g(x) G 0(2n), #(aj) n+1)i = 5(^)i,n+l = for i / n + 1, 5(^)n+i,n+i = 1, 
and 

-i^ f 1 °\o f 1 °\ ( w <5A*(I-eu)\ 
» d5= ( i J ^ U -ij = (,-(! -e u )^ J 

is a flat o(2n — l)-valued connection 1-form with g(0) = I. Hence g(x) G 
0(2n — 1). Let ej(x) denote the i-th column of Then the following 

system 

n 

df = auei dxi (6.5) 

i=l 

is solvable for / in IR 2 ™ -1 and the solution / (up to translation) has sectional 
curvature —1. 

Flat Lagrangian submanifolds in C n [58] 

Egoroff line of curvature coordinate system 

If / : M — > C n = M 2n is a flat Lagrangian submanifold with flat and non- 
degenerate normal bundle, then there exist a coordinate system {x\, . . . , x n ) 
and function (f) such that 

where J is the standard complex structure on M. 2n . We call x the Egoroff 
line of curvature coordinate system. Let 

e% — — , e n -\-i — Jeii 1 ^ ^ ^ ti, 

g = (ei, . . . , e2n) the adapted frame for /, and = g -1 dg = (w^b). Then 
the dual 1-forms for e\, . . . , e n are Wi = {<t> Xi )^ dxi and Wi <n+ j = 6{j dx{. By 
the Cartan Lemma 12. II and (|2.3p . we have 



= Pij dxi — Pjidxj, where = < 2(<f>x i <f>xj) 12 



2-1 
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for i,j < n. Note that (3 = (flij) is symmetric. Set h = {(f>xn ■ ■ ■ ,(f>x n ) ■ 
The Gauss-Codazzi equation and the structure equation for / is the PDE 
for h) defined by the condition that 

'[6,/3] 5 Sh\ 
-5 [5,(3] (6.7) 
/ 

is flat, i.e., it is the following system for (f3,h): 

' ihi)xj = Pijhj, i / j, 

(Pij)x h = PikPkj, i,j,k distinct. 

Conversely, if ((3, h) is a solution of (|6.8p with (3 = (/%) symmetric and h = 
(h\, . . . , h n ) 1 , then the first equation of (16. 8ft implies that hi(hi) Xj = hj(hj) Xi 
for all i ^ j. So (h\, . . . , /i 2 ) is a gradient field, i.e., there is a function cf> such 
that hf = (f) Xi for 1 < i < n. Hence there is a flat Lagrangian immersion 
fix) in C n such that I, II are of the form (|6.6D , 

Associated family of flat Lagrangian submanifolds in C n 

If M is a flat Lagrangian submanifold in C n with I, II as in (|6.6j) . then 
given A € M, there is a flat Lagrangian submanifold M\ in C n with 

n n 

I x = l = ^ Xi dxj, II A = A^ dxj ® J(^). 

i=l i=l 

Lax pair 

If f\ is the associated family of /, then the Maurer-Cartan form (|6,7p for 
/a is 

'[5,0] X5 5h^ 
-X5 [5,f3] I . (6.9) 
/ 

Moreover, the following statements are equivalent: (i) 9\ is flat, (ii) 9\ is 
flat for all A € C, (iii) ((3, h) is a solution of (|6.8p . 

Construct flat Lagrangian submanifold from parallel frame 

If (/?, /i) is a solution of the (|6.8p and a parallel frame of #a given by 
(IBH . then 

(1) there exists </> such that /i? = 0^ for 1 < i < n, 

(o(x r) fix r) \ 
J -[ j w ith g G 

I7(n) C 0(2n) and f(-,r) G M 2 ™, 
(3) f(-,r) is a flat Lagrangian submanifold in C™ = M 2n with 

n n 

l r =^24> Xi eidxf, II r = ^rdxj J(f Xl (-,r)), 

i=l i=l 
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where ei(x,r) is the i-th column of g(x,r) £ 0(2n) and J{f Xi ) is 
parallel to e n +i for 1 < i < n 

Isothermic surfaces in M 3 

Lax pair 

We use the associated family of Christoffel transforms to construct a Lax 
pair for isothermic surfaces. Suppose (f(x),f(x)) is a Christoffel transform 
of isothermic immersions in M 3 . Let e±, e 2 denote the coordinate directions. 
By Theorem 14. 2 \ there exists a solution (g, ri,r 2 ) of (14.3j) such that 

d/ = e 9 (dxiei + dx2e2), d/ = e~ q (dxiei — dx2e2). 
Write the above equation in matrix form: 



Set 




/ cosh g sinh (A 
Ysinhg coshgy ' 



J = diaenl, —1). 



Compute directly to see that d£ = and £ A £ = 0, which implies that £ 
is a flat 0(4, l)-valued connection 1-form. Apply the above computation to 
the associated family A(/, /) to see that A£ is a flat connection 1-form for 
all A G M. Set 

, , / cosh q — sinh q\ /oi 

9i = (e l ,e 2 ,e 3 ), 92=^_ sinhq coghg J , <? = ^ ^ 

The gauge transformation of A£ by g^ 1 is 

0A = A 5 - 1 £ 5 + 5 - 1 d< 7 = (™ JD t A f), (6.10) 

where 

(0 q X2 dxi - q xi dx 2 n dxi 

-q X2 dx\ + q Xl dx 2 r 2 dx 2 

— n dxi — r2 dx2 

t = 92" 1 d 52 = ^_° dg , 15 = (o) ' 5 = dia g( dx i> dx 2)- 

Since £A is flat, so is 6\. Moreover, (q,ri,r 2 ) is a solution of the Gauss- 
Codazzi equation (|4.3j) of isothermic surfaces if and only if 9\ is flat for all 
parameters A. In other words, 6\ is a Lax pair of the isothermic equation 
443]). 
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Note that 9\ can be written as 

2 

9\ = ^(a,.A + [oj, v]) dxi, (6.11) 



8=1 



where J = Ii i, 



D, 
-JD\ 



Di = , D 2 = 1 , (6.12 



r/ 
-J77* 














3 


1 , #2 


= ! 















( ° 




'/ 


= 1 


-?xa 









V -n 


Tl 




.13) 



Construction of Christoffel pairs of isothermic surfaces from parallel frames 
Method 1 

Let (q, n, r 2 ) be a solution of (14. 3p . 6>a its Lax pair defined by (16. lQf) . and 
E(x,X) a parallel frame for 6\ with initial data cq E 0(3) x 0(1, 1). Since 

9 € o(3) x o(l, 1), g := E(x,0) = ^\ G 0(3) x 0(1, 1). Write 

cosh q — sinh q 
- sinh q cosh q 



Then 



where 



9i = (ei,e 2 ,e 3 ), g 2 = 
g*9\ = gO\g~ l - dgg' 1 



C 

-JC* 




/ cosh q sinh q 
ysinhg coshf? 



C = (ei,e 2 ,e 3 ) 

The flatness g * 0\ implies that d£ = 0. Hence there exists a 3 x 2 matrix 
valued map Y such that dY = £. Moreover, (fx, fz) = Y f j is a 

Christoffel pair of isothermic surfaces in R 3 and (q, r\, r 2 ) is the correspond- 
ing solution of (|4.3[) . 

Method 2 

We claim that if -E 1 is the normalized parallel frame of the Lax pair 9\ de- 
fined by (|6.10p of a solution (q, n, r 2 ) of (|4.3p . then ^E^ 1 | A=Q is of the form 

Y %t \ f° r some 3x2 matrix value map Z and (fx, f 2 ) = Z T| 

is a Christoffel pair of isothermic surfaces in M 3 with fundamental forms as 
in Theorem 14. 2 [ 

To see this, we first note that 9\ is o(4, l,C)-valued 1-form and satisfies 
the o(Z)xO(i l) rean ^y condition: 

6\ = 9\, I3,2^aI3,2 = 
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So the normalized parallel frame E of 9\ satisfies E(x, A) E 0(4, 1, C) satis- 
fying 

E(x,\) = E(x,\), l3,2E{x,X)l 3t2 = E{x,-X). (6.14) 
Note that r(y) = y and a(y) = l^^U^l are involutions on 0(4, 1,C) that 
give the symmetric space (3)^xO(i l) ' anc ^ 

o(i,l)=)C + V, )C = o(3)xo(l,l),r = U^^ t fj\ 



is the Cartan decomposition of ±1 eigenspaces of a on the fixed point set 
o(4, 1) of r. It follows from (j6TT4"|) that §f-E _1 | A=0 lies in V, hence is of 

the form \ ) for some 3x2 valued map Z. A direct computation 

implies that 

dZ = 91 (o) 9 ^ 

and Z ( j is a Christoffel pair associated to the solution ri,^), 



where 51,52 is given by E(x, 0) 



51 
52 



fc-tuples in M n of type M fc -^ [HI ES] 
Lax pair 

First we associate to a /c-tuple Y in W 1 of type two flat connections, 

and then use them to construct a Lax pair for the equation of Y. 

Theorem 6.1. [25J Let Y = (Y 1 , . . . , Y k ) : O -> -M nxfc &e a fc-tep/e in M n 
0/ iype R fc_ ^, ej the unit direction of (Yi) x . for 1 < j < k, e^+i, ... ,e n 
a parallel orthonormal normal frame for Y\, 5 = (ei, . . . , e n ), (wij)ij< n = 
g^ 1 dg, and (<Hj)ij<k the metric matrix associated to Y defined by {Yj) x . = 
a ij e j f or i — — ^- 

( ( a ")*.j l<i^j 

fij = < a v ' ' 5 = diag( dxi,..., dx k ), 

[0, i = j, 

and ai = (an, . . . , a^) for all 1 < i < k. Then 

(1) fundamental forms ofYi are 

k k,n—k 

Ij — ^^QijjdXj) Hj — ^ ^ Ojimhmj^k+j 
i=l raj=l 

/or some A4k,n~k matrix h = (hij) (so Wi^+j = hij dxi for 1 < i < k 
and 1 < j < n — k), 

(2) u> = (?%)i<i,j< n := 5 d5 = I _ h t s J ^ ' 
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(3) daj = aj(<5-F* — JF5J) for 1 < i < k, where J = lk-e,£, in other 
words, ai is a parallel field for the o(k—£,£) -valued connection 1-form 
5F t - JF5J. 

(4) r := 5F l — JF5J is a flat o(k — £,£) connection 1-form, 
(5) 

w -AL>*J N 



is flat for all A G C, where D = (5, 0) and 5 = diag( dxi, . . . , dxk), 
(6) Zef ( ^ J 6e a frame of0Q = ( ^ V £/ien i/zere exists a constant 



C G GL(Jfe) sucft tfwrf dY = g 1 Dg 2 1 C. 

The equation for fc-tuples in R n of type R k ~ e,i is the equation for (F, h) : 
R k -4 x .A/1 

kx(n-k) such that to and r defined in Theorem [6JJ are flat, 

i.e., 

5F — F t 5 Sh\ 

-h l 5 J ' (6.16) 



dw + w A w = 0, w - 
dr + r A r = 0, T = 5F t - JF8J. 



where 



9l{k)* = {{yij) G gl(k) | y i4 = V 1 < i < k} 
and J = lk-i,e- So 0a defined by ()6. 15[) is the Lax pair for the equation 
fTTH]) of fc-tuples in R n of type R k -^ e . 

Construction of k-tuples from parallel frames 

Let (F, h) be a solution of (I6.16P , and E is the normalized parallel frame 

for 9 X defined by ([6T5]) . Since O = ( n ° J , 0) = ( ^ J for some 



Ty /'"v~'"/ ^0 52y 
5i G O(n) and 52 G 0(& —£,£). Similar argument as for Christoffel pairs of 
isothermic surfaces gives 

(1) giDg^ 1 is closed, so there exists Y such that dY = giDg^ , 

(2) YC is a it-tuple in R n of type M fc -^ for a constant C G GL(k). 

(3) §x^'~ 1 |a=o = f J^' 0^ ^ or some 3x2 valued map Z and Y = 
Z + cq for some constant cq G R n . 



7. SOLITON HIERARCHIES CONSTRUCTED FROM SYMMETRIC SPACES 

We review the method for constructing soliton hierarchies from a splitting 
of a Lie algebra (cf. |57J). 

Definition 7.1. Let L be a formal Lie group, C its Lie algebra, and L± 
subgroups of L with Lie subalgebras £±. The pair (£+,£_) is called a 
splitting of £ if £ = £ + © £_ as a direct sum of linear subspaces and L + n 
L_ = {e}, where e is the identity in L. We call the set O = (L + L_)n(L_L + ) 
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the big cell of L. In other words, / 6 O if and only if / can be factored 
uniquely as /+/_ and g^g + with f±,g±eL±. 

Theorem 7.2. (Local Factorization Theorem) [42| [57] 

Suppose L is a closed subgroup of the group of Sobolev H 1 - loops in a finite 
dimensional Lie group G, and (£+,£_) is a splitting of the Lie algebra £. 
Let V be an open subset in M. N , and g : V —> L a map such that (x,X) i— > 
g(x)(X) is smooth. If po € V and g(po) = k + k- = h-h+ with k±,h± £ L±, 
then there exist an open subset Vo C V containing po and unique f±,g± ■ 
V -)• L± such that g = g + g_ = /_/+ on V and g±{p ) = k±, /±(p ) = h±. 

Definition 7.3. A commuting sequence J = {Ji \ i > 1, integer} in £ + is 
called a vacuum sequence of the splitting (£ + ,£_) if J is linearly indepen- 
dent and each Jj is an analytic function of J\. 

Construction of soliton hierarchy 

Let (£+, £-) be a splitting of £, and {Jj \ j > 1} a vacuum sequence. For 
£ € £, let £j- denote the projection of £ onto £± with respect to £ = C + +C-. 
Set 

= {(g-'Jigh I 5 G M- (7-1) 
Assume that given smooth £ : R — > Ai, there is a unique Qj(£) € £ such 
that 

(1) [d at + Z,Q j (Z)] = 0, 

(2) Qj(£) is a function of £ and the derivatives of £, 

(3) Qj(£) is conjugate to Jj and Qj(Ji) = Jj. 
Claim that 

§-.=[d x + C,(Q j (0)+} (7-2) 

is a PDE system on M.. We only need to show that the right hand side is 
tangent to M. at £: Since Qj] = 0, the right hand side of (|7.2|) is equal 

to — [<9 X + £, But it should be in £ + , so it is equal to — [£, (Qj)-]+, 

which is tangent to .A/f. Hence this defines a flow on AL We call (|7.2p the 
J-i/t /k>u> and the collection of these flows the soliton hierarchy constructed 
from (£ + ,£_) and {Jj | j > 1}. 

Proposition 7.4. The following statements are equivalent for £ : M 2 — >■ AL - 

(1) £ is a solution of the flow f|T.2j) . 

(2) [a a! + ^^ + (Q i (0)+] = o, 

(3) £ da; + (<3j(£))+ dij «s a /?ai C + -valued connection 1-form. 
So (3) is a Lax pair of the flow (|7.2p . 

If £ is a Lie subalgebra of the Lie algebra of formal power series A{\) = 
J2i> no w it ri Ai € Q a finite dimensional simple Lie algebra, then equa- 
tion (17. 2p is a PDE with a parameter A. For examples given in this article, 
it follows from [d x + £, Qj(£)] = that (17. 2ft gives a determined PDE system 
in £. 
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Commuting flows on L 

Given a splitting (£+,£_) of C and a vacuum sequence {Jj \ j > 1}, we 
consider a hierarchy of flows on the negative group L_: 

^ = -M{M- l J.jM)_. (7.3) 

Otj 

A direct computation implies that (|7.3p are commuting flows on L_, i.e., 

-(P i ) tfc + (P fc ) % + [P i ,P fe ] = 

for all j, /c, where Pj = — (M _1 JjM)_. Use [Ji, Jj] = and a straight 
forward computation to get the following known results (cf. |57j ) : 

Proposition 7.5. If M(ti,tj) solves the first and the j-th flows (|7.3p on 
L_ ; i/ien (M _1 J\M)+ is a solution of the j-th flow (|7.2|) . 

Theorem 7.6. The flows in the soliton hierarchy constructed from a split- 
ting and a vacuum sequence commute. 

Formal inverse scattering [55] 

Given an element / G L_, we use the Local Factorization Theorem to 
construct a solution of the flow in the soliton hierarchy generated by Jj as 
follow: First note that J\ is in the phase space A4 defined by (|7.ip and 
(|7.2p is satisfied, i.e., the constant map J\ is the solution of all flows in the 
hierarchy. The Lax pair of the flow generated by Jj is J\ dx + Jj dtj . Let 
E(x,tj) = exp(xJi + tjJj), i.e., E is the normalized parallel frame of the 
solution on L + satisfying 

ET X E X = Ji, E~ l E t] = Jj, E(0, A) = I. 

By Theorem 1 7. 2 \ given / G L_, we can factor 

f- 1 E{x,t 3 ) = E(x,tj)f(x,tj)- 1 

with E(x,tj) G L + and f(x,tj) G L_ for (x,tj) in some open subset of the 
origin. We claim that / is a solution of (|7.3p for the first and the j-th flow. 
To see this, note that E = f -1 Ef and 

e- x e x = /- 1 j x ] + E~ i E tj = r l jji + j-% . 

Since the left hand sides are in C + and f~ l f x , f~ l f tj are in the above 
equation implies that 

r 1 u = -(r 1 Jif)-, 
r% = -Cr l Jjf)- 

Hence f(x, tj) is a solution of (|7.3p and this proves the claim. By Proposition 
17.51 £ = Ji/)+ is a solution of the flow generated by Jj. 
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Example 7.7. The G-hierarchy [H H41 l63| [55] 

Let G be a complex simple Lie group, and L(G) the group of smooth 
loops / : S 1 — ?> G, L + {G) the subgroup of / € L(G) that can be extended 
holomorphically to |A| < 1, and L_{G) the subgroup of / € L(G) that can be 
extended holomorphically to oo = |A| > 1 and f(oo) = I. The corresponding 
Lie algebras are 

C{G) = {A{\) = Y J Ai\ i \Aeg}, 

i 

£ + (g) = {Ae£(g)\A(\)=Y,A j \ j h 

£-{Q) = {Ae C{Q) | A{\) =J2AjX j }, 

i<o 

where Q is the Lie algebra of G. Then (C + {Q), £_((/)) is a splitting of 

Let A be a maximal abelian subalgebra of Q, and .A -1- the orthogonal 
complement of A with respect to the Killing form ( , ) of Q. The dimension 
of A is the rank of G. An element £ € is regular if ad(£) is semi-simple 
and the centralizer C?g is a maximal abelian subalgebra. If £ is regular, then 
ad(£) is a linear isomorphism of t/^ . Let {ai, . . . ,a r } be a basis of A such 
that ai is regular. Then 

J = {J tJ = ai X j \l<i<r,j>l} 

is a vacuum sequence with Ji = J^i = aiA. A direct computation shows 
that M defined by JZIJ is 

= Ji + ([oiA, £_])+ = Ji + 
To write down the flow generated by Jjj, we construct 

Qi(n) = ai\ + ^Q itk (u)\ k 

k<0 

satisfying 

|[9* + aiA + «,Qi(«)] =0, 
\/i(0i(«)) = /i(oiA), l<j<r, 
where fi, ■ ■ ■ , f r are free generators of the ring of invariant polynomials on 
Q (for example, if Q = sl(n), then r = n — 1 and fj(A) can be chosen to be 
tr(Ai) for 2 < j < n). Equate the coefficient of X k in the first equation of 
(|7.4p to get the recursive formula 

(Qi,fc)z + [u, Qi,k] + [ai, Qi,k-l) = 0. (7.5) 
We use (|7.5p and the second equation of (|7.4p to prove that Qj^ is a poly- 
nomial differential operator of u. Since M Ji jM = X 3 M JuM, the 
flow generated by Jij is (|7.2p . i.e., 

a(ai A + u) = ^ + ^ x + ^ ^ + Q, oX j-i + . . . + Q.^.]. 
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Although the right hand side is a degree j + 1 polynomial in A, it follows 
from the recursive formula (|7.5j) that all coefficients of X k of the right hand 
side are zero except the constant term. So the flow equation generated by 
Jij is the following PDE for u: 

u U,j = [d x + u, QiA-j] = [Qi-j, ai\. (7.6) 

By Proposition 17.41 equation (|7.6p has a Lax pair 

6\ = (aiA + u) dx + (ai\ j + Qi,oX j ~ H h Qi,i-j) dUj. 

We call this hierarchy of flows the Q ' -hierarchy. For example, for general Q, 
the flow generated by J\ j in the ^-hierarchy is the PDE for u : R 2 — > A^~: 

u tlJ = ad(aj)ad(ai) _1 (n x ) + [u, ad(aj)ad(ai) _1 (-u)], 

and its Lax pair is 

9\ = {a\\ + u) dx + (dj\ + ad(aj)ad(ai) _1 (it)) dtij. 

Example 7.8. The [/-hierarchy [55] 

Let r be a Lie group involution of G such that dr e : Q — > Q (still denoted 
by r) is conjugate linear. Let U denote the fixed point set of r, and U the 
Lie algebra of U, i.e., U is a real form of Q. Let L T (G) denote the subgroup 
of all / € L(G) satisfying the U -reality condition 

r(/(A)) = /(A), (7.7) 

and L T ± (G) = L T (G)nL±(G). Let C T (G) and C T ± {Q) denote the correspond- 
ing Lie algebras. Let {ai, . . . , a n } be a basis of a maximal abelian subalge- 
bra of U such that a± is regular, and J = {Jij = a. L \^ \ 1 < i < n,j > 1}. 
Then (>C!^(t/), £L((?)) is a splitting and J' is a vacuum sequence. The flows 
generated by J^'s form the U -hierarchy and flows in the [/-hierarchy are 
evolution equations on C OD (R 1 A ± HU). For example, for r{g) = {g 1 ) 1 on 
s/(2,C). ThenZ^ = su{2). Let a = diag(i, -i). The flows are evolution PDE 

on C°°(M, Y), where y = |^^_ | g G c| and the flow generated by 

Ji,2 = o,X 2 in the su(2)-hierarchy is the NLS 

Example 7.9. The ^-hierarchy [55] 

Let t, a be commuting involutions of G such that the induced involutions 
r and <7 on Q are conjugate and complex linear respectively, and U the fixed 
point set of r on G and -R' the fixed point set of a on U (so is a symmetric 
space). Let V denote the —1 eigenspace of a in U. Then we have U = K. + V 
and 

[K, K\ C fc, [K, V] C P, [P, V] C /C. 

This is the Cartan decomposition for |4. Note that K acts on V by conju- 
gation. An element b G P is regular if the if -orbit of 6 in T 5 is maximal. If 
6 is regular, then G P | [6, £] = 0} is a maximal abelian subalgebra and 
is the kernel of ad (6) : V — > JC. 
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Let A be a maximal abelian subalgebra in V , and {a\, . . . , a n } a basis of 
A such that a\ is regular (i.e., ad(ai) is a linear isomorphism from /C n /C^ 
onto "P fl A ± , where K, ai = {k € K \ [a±, k] = 0}. The dimension of „4 is the 
rcm& of the symmetric space. 

Let C T,a (G) be the subalgebra of £ € satisfying the ^-reality condi- 
tion 

rfc(A))=«A), afc(-A)) = *(A), (7.8) 

and 

£J CT (£0 = £ r - CT (g)n£±(g)). 

Then (£+ CT (£/), £^ CT (£/)) is a splitting and 

J = {Jij = a-iX 3 I 1 < i < n, j > 1 odd integer} 

is a vacuum sequence. The hierarchy constructed from these are called 
the ^-hierarchy and the flows in this hierarchy are evolution equations on 
C°°(R, /C^), where = {y € /C | (y,Jfe) = 0V k € /C 0l }. For example, the 
symmetric space given by r(g) = Q? -1 )* and a(g) = {g l )~ l onG = SX(2,C) 
is gQ^) = Let a = diag(i, — i). The flows in the |^|y-hierarchy are for 

u = ( ^ and the flow generated by = aX 3 is the mKdV. 

Remark 7.10. If ft has maximal rank, i.e., the rank of ft is equal to the 
rank of U, then: 

• A maximal abelian subalgebra A in V is also a maximal abelian 
subalgebra of U over R and is a maximal abelian subalgebra of 
over C. 

• Fix a basis {a\, . . . ,a n } of A over R. The phase space for flows in 
the G-hierarchy is C°°(R, A^-). 

• The flow generated by Jij in the G- hierarchy leaves C°°(R, A^ flW) 
invariant and the restricted flows form the [/-hierarchy. 

• The flow generated by Ji,2j+i of the U -hierarchy leaves the subspace 
K,q invariant and the restricted flows form the ^-hierarchy. 

The matrix NLS hierarchy J3U [55] 

Let r(g) = (<7*) _1 be the involution of G = GL(n, C) that defines the real 
form U = U(n), and {C T _(G), £_(£?)) the splitting that gives the [/-hierarchy. 
Let a = ilk <n -k- Then 

J = {aX j | j > 1} 

is a vacuum sequence. The flows constructed by this splitting and hierarchy 
are equations for u : R 2 — > M.kx(n-k)i an d the flow generated by aX 2 is the 
matrix NLS, qt = h(lxx + 2QQ t( l)- 
The —1 flow associated to ft [51] 
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We use the same notation as for the ^-hierarchy. Given b € A, the — 1 
flow associated to ^ is the equation for g : M? — > K: 

(g- 1 g x )t = [a,g~ 1 bg]. (7.9) 

It is easy to check that g is a solution of (|7.9ft if and only if 9\ is flat for all 
A 7^ 0, where 

9 X = (ai A + g- l g x ) dx + X^g^bg dt. (7.10) 
For example, the —1-flow associated to gg^) defined by a = diag(i, — i) and 

b = -f is the equation for g = ( COSq ~ Smq V (17101) is (El, and M 
4 ysmg cosg y 

gives the SGE. 

Example 7.11. Twisted -^--hierarchy [53] 

Let r be the conjugate involution of the complex simple Lie group G that 
gives the real form U, a± and a 2 involutions of Q such that (J\,a 2 and r 
commute, and 

U = 1d+Vi, U = K 2 +V 2 

Cartan decompositions for a\ and a 2 respectively. Let A be a maximal 
abelian subalgebra in V\. Assume that 

1. a 2 {A) C A, 

2. Ki n K 2 = Si x 5 2 , Ki = S 1 x K 2 = K' 2 x 5 2 as direct product 
of subgroups. 

Let L = L T,ai denote the group of holomorphic maps / from e < |A| < e _1 
to G satisfying the U / K\-xeed\ty condition: 

r(/(A)) = /(A), oi(/(-A)) = /(A). 

Let L + denote the subgroup of / G L such that <J 2 (f(X~ 1 )) = /(A) and 
f(l) £ K' 2 , and L_ the subgroup of / G L that can be extended holomor- 
phically to 00 > |A| > e and /(oo) E Then L + n L_ = {e} and the Lie 
algebras are: 

C = {£(A) = £j A J j £j € K\ if fc is even, E Pi , if is odd.}, 

j 

C + = {£ G £ K-i = ff 2 &U(l) G £ 2 }, 

^- = U(A) = ^^Vg£UoG/C / 1 }. 

i<o 

Let {ai, ... ,a„} be a basis of „4 such that ai is regular with respect to the 
Ad(K\) action on Vi, and J = {Jij | 1 < i < n, j > 1 odd}, where 

Jij = ajA- 7 + cr 2 (ai)A~ J . 

Then (£+,£_) is a splitting of C and J7 is a vacuum sequence. We call 
the hierarchy constructed from this splitting and vacuum sequence the 
hierarchy twisted by a 2 . The phase space of this hierarchy is C°°(R,M.), 
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where 

M = {g' x aig\ + v + o 2 {g~ 1 a 1 g)\- 1 \ g G K[,v G Si}. 
Example 7.12. A twisted oMy'or ^ -hierarchy [53] 



0{n)xO{n)~ 

Let <5 = o(n, n,C), r(x) = x, and 

(Ti(x) = I njn xl~]j, £x 2 (x) = In,+i, n _ia;I~ +1)n _ 1 . 

Then 

U = o(n, n), /Ci = o(n) x o(n), IC2 = o(n, 1) x o(n — 1), 
/Ci fl IC2 = Si + where S± = o(n) x 0, S2 = x o(n — 1), 
/C' 2 = Si + (Pi n /C 2 ) = o(n, 1), /Ci = x o(n). 
The space 

L> N 



A 



D 



D G g^(n, R) is diagonal 



is a maximal abelian subalgebra in Pi and (72(A) C .4. Choose a basis 
{ai,...,a n } of *4 such that a\ is regular. Then r, o"i,o"2 satisfy all the 
conditions given above and we obtain the o(n)xo\n) -hierarchy twisted by 
02- 

Next we give a brief discussion of bi-Hamiltonian structure, conservation 
laws, and formal inverse scattering for the [/-hierarchy. 

Bi-Hamiltonian structure for the [/-hierarchy (cf. [27| [5Tj ) 

Let ( , ) denote a bi- invariant non-degenerate bilinear form on U, and 

/oo 
(u(x)v(x)) dx 
-00 

the induced bi-linear form on V = iS°°(R, .A^) the space of Schwartz maps 
from R to A^. Given a functional F on V, the gradient of F is defined by 

dF u {v) = (VF{u),v), 

(i.e., VF(u) = is the Euler-Lagrangian equation for F). A Poisson struc- 
ture on V is an operator J : V — > L(V, V), u i-> J u such that 

{F 1 ,F 2 }{u) = (J u (VFi(n)),VF 2 (n)) 

defines a Lie bracket on V and { } satisfies the product rule. The Hamilton- 
ian equation for F : V — > R is 

^ = J u (VF(u)). 

Two Poisson structures { , }\, { , } 2 on V are compatible if 

ci{, }i + c 2 {, } 2 
is again a Poisson structure for any constant c\ , c 2 . 
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Given a smooth map u : R — > A ± , let P u be the operator on C(R, A^) 
defined by 



P u (v) = (v) x + [u,v], v = v + T, T(x) = - 




where £0 and £ denote the projection of £ a 14 to A and A respectively. 
By definition, P u (v) G A . Let Jo and J\ be the operator from V to -L(V, V) 
defined by 

(Jo)u = -ad(ai), (Ji) u = P u . 

Define 

{F,G} (n) = ([VF(«),oi],VG(u)>, {-F, G}i («) = ([P u (VF(n)),VG(u)). 

The following are known (cf. |27j . [51|): 

(1) { , }o and { , }i are compatible Poisson structures on C(R,^4 ). 

(2) Set 

1 r°° 

F i,j( u ) = — (Qi,-j(u), ai )dx. (7.11) 
3 J— 00 

Then V-Fjj(it) = Qj ! _j+i(ii) _L and the flow generated by Jjj is 
ut = J (VF i>j+1 ) = Ji(VF^). 

(3) Both Poisson structures can be constructed from the natural Poisson 
structures of co-adjoint orbits of L T _{G). 



8. The ^-system and the Gauss-Codazzi equations 

We review the definition of the -^-system, the twisted -^-system, and the 
— 1 flow on the -^--system and see that SGE, GSGE, equations for isothermic 
surfaces, for fc-tuples in W 1 of type R fc- ^, and for flat Lagrangian subman- 
ifolds in C n are ^-systems. 

The ^-system [51] 

Let S be a rank n symmetric space, IA = /C + V a Cartan decomposition, 
A a maximal abelian subspace in V, and {a\, . . . ,a n } a basis of A. The j?- 
system is the following over-determined first order non-linear PDE system 
for v :R n ^ A^~ C\V: 

[ai,v tl J-[a j ,v tu ] = [[a i ,v],[a j ,v}], 1 < 2/ j < n, (8.1) 

It follows from the definition that the following statements are equivalent 
for v :R n ^ A^~ HV: 

(1) v is a solution of (|8.ip . 
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(2) the following connection 1-form on 1" is flat for all parameters A £ 
C: 

n 

6 x = Y,{^+[auv])dxi (8.2) 
i=l 

(0\ is a Lax pair of the ^-system), 

(3) 6 S is flat for some selUil, 

(4) if a\ is regular, then u = [ai,v] is a solution of the flow generated 
by J{,i = o?.A in the ^-hierarchy. 

Remark 8.1. If we use a different basis of A, the -^-systems differ by a 
linear coordinate change. If two maximal abelian subalgebras A and A 
are conjugated by an element in K, then the corresponding -^-systems are 
equivalent. If is a Riemannian symmetric space, then any two maximal 
abelian subalgebras in V are conjugate by an element of K, so there is a 
unique U /X-system. But when is a pseudo-Riemannian symmetric space, 
there may be more than one maximal abelian subalgebras in V modulo the 
conjugation action of K on V . Hence there may be more than one non- 
equivalent ^-system associated to ^. 

Statement (4) given above means that the ^-system combines the com- 
muting flows in the -^--hierarchy generated by J\ t \ = a±X, . . . , J nt \ = a n X 
together. 

Curved flats in symmetric spaces 

Recall that a flat of a symmetric space ^ is a totally geodesic flat subman- 
ifold of % . HA is a maximal abelian subalgebra in V, then A = exp(A)K 
is a flat through eK and gA is a flat through gK. Moreover, all flats are 
obtained this way. 

Definition 8.2. [29] A curved flat in S is an immersed flat submanifold of 
that is tangent to a flat of ^ at every point. 

Definition 8.3. [52] Let ^ be a symmetric space, and U = IC + V a Cartan 
decomposition. A flat submanifold M of V is called an abelian flat subman- 
ifold if TM X is a maximal abelian subalgebra of V for all x £ M. Here the 
metric on P is the restriction of the Killing form ( , ) of U to V . 

If we identify the tangent space of S at eK to be T 3 , then a flat subman- 
ifold S in is a curved flat if and only if g~ x TY> g K is a maximal abelian 
subalgebra of "P for all gK £ E. A curved flat S is semi-simple if g~ x TYi g K 
is a semi-simple maximal abelian subalgebra of V for all gK £ E. 

Let J£ be the symmetric space defined by r, <r. Then the map — > U 
defined by gK i— > ga(g)~ l is well-defined and gives an isometric embedding 
of the symmetric space S into ?7 as a totally geodesic submanifold. This is 
called the Cartan embedding of ^ in £7. 

The following is known ([29] [52]): 
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Theorem 8.4. Suppose v is a solution of the ^-system and E is its a 
parallel frame. Then: 

(1) Y = E(x, X)a(E(x, A)) -1 



A=l 



way. In other words, the ^-system can be viewed as the equation for 
curved flats in £ with a "good coordinate system". 



E(x, l)E(x, — 1) 1 is a curved flat. 

Conversely, all local semi-simple curved flats can be constructed this 

u 

K~ 

_ 

(2) Z = tjx-E' -1 ) a=o is an abelian flat in V. Conversely, locally all 
abelian flats in Vo can be constructed this way, where Vq is the subset 
of regular points in Vq. 

Example 8.5. The q^^R" -system [58] 

Let U(n) x C n denote the group of unitary rigid motions of C n = M 2n , 
and Q the complexified u(n) k C n , i.e., 





c 


x\ 


{(t 


b 












b l 



-b, c l = -c, b, c e gl(n, C),x, y € C™ 



Let r, a : G — >• G be the involutions defined by 



r(g)=9, a(g)=TgT , where T 



The fixed point set of r is U(n) x C n , a and r commute, and the correspond- 
ing symmetric space is Q^^n ■ The Cartan decomposition is u(n) x C n = 
tC + V, where 




JC 



V 




b € o(n), x £ 



Then {aj = e r 



U{n)t*C 
0{n)xJ 

given by the condition that 

n 

6\ = '^2(a i X+ [<H,q])d 



c , c = c,y 6 



ej jTl +j | 1 < i < n} form a basis of a maximal abelian 

0/3 



algebra „4 in V . The Q ( n j KR n -system is the system for q 



'[6,(3] X5 5h^ 
-XS [5, p] 




-p -h 




(8.3) 



is flat for all A € C. Note that this is the Lax pair (16.9|) for flat Lagrangian 
submanifolds in C n . 
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Example 8.6. The (3)x6(i ^ -system 

The involutions that gives (3)xO(i l) * s r (#) = 9 anc ^ a (9) = ^329^-32' 
and the Cartan decomposition is o(4, 1) = fC + V with K, = o(3) x o(l, 1) 
and 



P = 
Note that 



£ 
-J£* 



.4 



£ isareal3 x 2matrix > , J = diag(l,— 1 



o e 

-J£* 




is a maximal abelian subalgebra in V. Let {01,02} be a basis of defined 
by 



D, 
JB\ 













#2 = 









The o(3^x 4 o(i,i) " system is for v = ( 



f 
-J? 0, 

Write down this system in terms of /1 , f% , n , r 2 we get 

(/l)a52 = _ (/2)xi, 
(/2)x 2 - (/l)a;i - nr 2 = 0, 

(n)z 2 = -/ 2 ^2, 
1 (r- 2 )x 1 = /in- 

















1 

















f 


fx 




-1 













''2 



(8.4) 



Its Lax pair is 



-DJ? + iJD t 
-JD l \ 



D\ 

-JD l i + J?D 



where D 



dxi 








dx 2 









.5) 

The first equation of (18.41) implies that there exists q such that fi = q Xl 
and ji = — ffx 2 - Write (|8.4j) in terms of q,ri,rz we get the Gauss-Codazzi 
equation (|4.3p for isothermic surfaces. Moreover, the Lax pair (j8.5j) is the 
Lax pair (|6.1ip for isothermic surfaces in M 3 . 



Example 8.7. The 



We choose 



Q(n+k-l,t) 
0(n)xO(k-e,£) 



-system 







-DiJ 




1 < i < k, 



-f'J 
£ 



where D\ = (e«,0) G A4 fcxn , and ejj is the diagonal k x k matrix with all 
entries zero except the n-th entry is 1. The o^n)xO(k-£i) "System is the PDE 
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for £ = (y,7) : Kfc -> 9h(k) x M k , n -k with Lax pair # A = Ei=i(°i A + 
[dj, u]) dxj. We write 0.\ i n terms of y, 7 to get 

*A = Qf A " A ; J ) 5 where (8.6) 

and 5 = diag( dxi, . . . , dx k ). 

Set F = —Jy and /i = J7, then (|8.6p is the same Lax pair (|6. 15|) for 
^-tuples in W 1 of type R fc- ^ given in Theorem 16.11 So the o^n)xO(k-ee) ' 
system is the equation for fc-tuples in W 1 of type R* — *> . 

Example 8.8. [IT] The o(tyxb(2) -system is the equation for 

(1) 2-tuples in R 3 of type 0(2), 

(2) flat surfaces in S with flat and non-degenerate normal bundle, 

(3) surfaces in S with constant sectional curvature 1 and flat and non- 
degenerate normal bundle. 

Moreover, if v is a solution of the o(3)xO(2) ~ svs tem, and E a parallel frame 
of the Lax pair of v. Write E(x,0) = fa ® J, and D = is M? jX 2 

valued, where 6 = diag(dxi, dx%). Then: 

(1) giDg^ 1 is closed, so there exists Y = (Yi,!^) € Msx2 such that 
dY = giDg^ 1 , and Y is a 2-tuple of surfaces in K 3 of type 0(2). 

(2) The first column of E(x,r) \ ] is a flat surface in S A with 

V u V 

flat and non-degenerate normal bundle. 

(3) The third column of E(x, r) ( j? ^1 ) is a surface in 5 4 with con- 

\0 g 2 J 

stant curvature 1 and flat, non-degenerate normal bundle. 
Analogous results hold for -^-system when ^ is a real Grassmannian. 



Example 8.9. [58J: The ^^y-system is the equation for 



U(n) 
0(ny 

(1) Egoroff orthogonal coordinate systems of M. n , 

(2) flat Lagrangian submanifolds of C n that lie in S" 2 ™ -1 , 

(3) flat Lagrangian submanifolds of CP" . 

Twisted -^-system [30 | fTTT I [53] 

We use the same notation as for twisted -^--hierarchy. The -^--system 
twisted by ai is the PDE for maps g : W n — > K[ and Vi : M n — > Si such that 
the connection 1-form 

n 

6\ = ^((5^9 _1 )A + Vi + a 2 {ga i g- 1 )\~ 1 ) d Xi (8.7) 

i=l 
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is flat for all non-zero parameters A € C. So the -^--system twisted by 02 is 
given by the collection of flows in the -^--hierarchy twisted by 02 generated 
by ajA + <T2(aj)A _1 for 1 < i < n. 

Example 8.10. A twisted Q^j"'^^ -system [53] 

We use the same notations as in Example 17,121 i.e, G = 0(n,n, C), and 

r{g) = g, <Ji{g) = l n , n g^n^ ^2(5) = In+i.n-i^n+i^-i- 
Let A be the maximal abelian subalgebra in V\ spanned by 

1 ( ea\ .... 

Then K! x = x o(n), S\ = o[n) x 0, and the Lax pair 9\ of the o(n)x'o(n) ~ 
system twisted by 02 is (j8.7j) with 

9 =(J u i= ^ =^-^51, l<i<n. 



A / bA l \ (u 0\ A" 1 / 6 A* J 



In other words, 



2 / + V° °7 + 2 V JM 

where ^4 : W 1 — > 0(n), S = diag(tfci, . . . , dx n ), J = diag(l, —1, . . . , —1), and 

The flatness of 9\ is equivalent to (A, u) satisfying the following system 
f dA A 6 + AS A u = 0, 

|du + t*Au + £A*(^ + ^) 2 A5 = 0. ' 1 ' j 

The first equation implies that there exists F = (fij) with fa = for all 
1 < i < n such that 

A' 1 dA = 5F 1 -F6, u = 5F- F*6. 

Since this is the Lax pair (|8.8|) for the GSGE, the twisted (n)xO{n) ~ s y s tem 
is the GSGE. 

The —1 flow on the ^-system 

We combine the —1 flow and the flows in the ^-hierarchy generated by 

u_ 

K~ 

for v : R n+1 -»■ A 1 n V and g : R n+1 -> K: 



a,i\ for 1 < i < n to get the —1 flow on the -^-system. This is the equation 



-[a>i, v Xj \ + [aj,v Xi ] + [[ai,v], [a i: v]] = 0, i / j, 
g- 1 g Xl -[a i ,v],g- 1 bg} = 0, 1 < i < n, (8.10) 

^a i ,Vt} = [ai,g~ 1 bg], \<i<n. 
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Equation (|8.10j) has a Lax pair 

0\= (j2(a,i\+ [ ai ,v])dx}j +\- 1 g- 1 bgdt. 

If ICf, = {k G /C | [k, b] = 0} = 0, then the second equation of (|8.10p gives 
g~ 1 g Xi = [a>i,v] for 1 < i < n. If has maximal rank and a G A is regular, 
then the —1 flow on the -^--system becomes the following system: 

-[ai,v Xj ] + [aj,v Xi ] + [[(H,v], [a i: v]] = 0, i / j, 
g^gxt = [ai,v], l<i<n, (8.11) 

[a,v t ] = [a,g- l bg\. 

Note that 

(1) when ^ is of rank one, the —1 flow on the ^-system is the —1 flow 
for the -^--hierarchy by changing the dependent variable u = [a,v], 

(2) (|8.1ip is an evolution equation on the space of solutions of the 
system. 

Higher flows on the space of solutions of the -^-system 

Assume a G A is a regular element, and Q = J2j<i Qj^ 1 1S constructed 
from (|7.4p using u = [a, v]. Note that Q satisfies the recursive formula 

{Qj)x + [[a,v],Qj] = [Qj_i,a], 

Qi = a, and fj(Q) = fj(a\), where fx, . . . , f n are a set of free generators of 
the ring of Ad(X)-invariant polynomials on V . The flow in the ^-hierarchy 
generated by aX J written in v is 

[a,vt] = (Qi-j)x + [[a,v],Qx-j] = [Qj,a]. (8.12) 

Recall that v is a solution of the ^-system if and only if [a,v(xi, . . . ,x n )] 
solves the flow generated by ajA in the ^-hierarchy for 1 < i < n. Since all 
flows in the -^-system commute, the space of solutions of the ^-system is 
invariant under the evolution equation (|8.12p for all odd j. In other words, 
the following system for v : IR n x R — > A 1 - D V, 



j -[ai,v Xk ] + [a k ,v Xi ] + [[ai,v], [a k ,v]] = 0, 1 < i,k < n, 
\[a,v t ] = (Qi-j)xi + [[ai,v],Qi-j], l<i<n, 
has a Lax pair 



.13) 



{a\ j + Q X j 1 H + Qi_j) dt + + [a u «]) da*. 

System (18.13P can be viewed as an evolution equations on the space of so- 
lutions of ^-system as follows: Write a = Y27=i c * a * ana - u = [ a ' ^, ]• Then 

{u Xi = a,d(ai)a,d(a)~ 1 (YJl=i CiU x% ) + [u, ad(ai)ad(a) _1 (it)], 1 < i < n, 
u t = Er=i c i(Qi-j( u ))^ + [u,Ql-j(u)], 
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are commuting flows for u. The first set of equation in the above system 
means that v = [a, u] is a solution of the -^-system. Hence 

n 

[ a , v t] = ^2<H{Ql~j{v>))xi + [u,Qi-j(u)} 

i=l 

leaves the space of solutions of the -^-system invariant. 

9. Loop group actions 

We review the dressing action of L T J_ a {G) on the space of solutions of the 
-^-system, and explain the relation between the action of "simple" rational 
elements in L 7 j C7 (G) and geometric Backlund and Ribaucour transforms. 

Let v be a solution of the -^--system, and E the normalized parallel frame 
for the Lax pair 6\ = X^=i( a *^ + t a *' v \) E( x > ^) * s the solution of 

E~ 1 E Xi = cii\ + [a,i,v], 1 < % < n, 
E(0,X) = I. 

Since 9\ is holomorphic in A G C and satisfies the ^-reality condition 

t{6- x ) = e x , <r(e_ x ) = e x , 

its frame E{x) G I% a (G), where E(x)(X) = E(x,X). Given / G L T _l a {G), by 
the Local Factorization Theorem 17.21 we can factor 

fE(x) = E(x)f(x) 

with E{x) G L+° (G) and f(x) G L T l a (G) in an open subset of x = in M n . 
Expand 

/(x)(A) = I + / 1 (x)A- 1 + -- - . 
Then fi(x) G V and we have 

Theorem 9.1. [55] 

Let f,v,E,f,fx,E be as above. Then 

(1) v(x) := is a solution of the ^-system, where (/i)* denotes the 
projection of f\ G V onto A ± fl V along A. 

(2) E is the normalized parallel frame for v. 

(3) f * v := v defines an action of L^ a (G) on the space of solutions of 
the ^-system. 

(4) f*E := E defines an action oflTfiG) on normalized parallel frames 
of solutions of the ^-system. 

(5) If f E L T _f{G) is rational, then f*v can be computed explicitly using 
E and the poles and residues of f . 

(6) IfUis compact, a\ is regular and f G L T J_ C (G) is rational, then f*0 
is globally defined and rapidly decaying as \x±\ — > oo. 

Remark 9.2. 
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^1) We say / : S 1 — > C* x G satisfies the -reality condition up to scalar 
functions if there is a 4> : S 1 — > C such that 

r(/(A)) = </>(A)/(A), cr(/(— A)) = 0(A)/(A). 

Since scalar functions commute with L T ' a (G), Theorem 19.11 works 

u_ 
K~ 



for rational maps / that satisfy the -^-reality condition up to scalar 



functions. 

(2) Given / £ Ll' CT (G), if E is a parallel frame of a solution t> of the 
-^■-system and fE(0, •) lies in the big cell of L T,<T (G) then Theorem 
I9.1f 1) still holds and E is a parallel frame for f *v (but may not be 
normalized). 



Backlund transformations for [/(n)-system [55J 

We use the f7(n)-system as an example to demonstrate how to compute 
explicitly the action of the subgroup 7L T _{G) of rational elements in C T _{G). 
Note that 7^1 (G) is the group of rational maps / : S 2 — >• GL(n,C) that 
satisfying the J7(n)-reality condition and /(oo) = I. First we find a rational 
element / € 1Z T _{G) with only one simple pole, then use residue calculus to 
compute the action of / on solutions of the t7(n)-system. 

Let a G C, tt a Hermitian projection of C n , and tt^ = I — ir. Then 

... A — q i ^ a — a i , . 

9aA X )=K+-, 7^ = 1+- TT (9.1) 

A — a A — a 

satisfies the ?7(n)-reality condition g(\)*g(X) = I. 
Three methods to compute g a<n * v 
Method 1: Algebraic Backlund Transformation 

Let A be the space of diagonal matrices in u(n), aj = ie™, v a solution of 
the [/(n)-system, and E the normalized parallel frame, i.e., E^ 1 dE = 0\ = 
^" =1 (ajA + [di, v]) dxi and E(0, A) = I. We claim that 

9a,n * v = v + (a - a)7ir*, 

where tt{x) is the Hermitian projection of C n onto E(x, a) _1 (Im7r) and 7f* 
is the projection of u{n) onto A along A. To see this, we need to factor 
g a ^E{x) = E(x)g{x) with E(x) € L\(G) and §(x) G L T _{G). We make an 
Ansatz that g = g a ^i x \ and solve 7r(x) by requiring that 

E(z,A) : = 5a ^(A)^(x,A)r 1 (^,A) 

= (I + ^^)E(x, A)(I - ^?7f (x)- 1 ) 
A — a A — a 

lies in L^(G). Hence the residues of E(x,X) at A = a, a should be zero. 
This implies that 

it E(x, a)Tr(x) = 0, irE(x, a)7r(x) ± = 0. 

Both conditions are satisfied if 

Im(7f(x)) = S(x,a) _1 (Im(7r)). 
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This gives the formula for tt(x). The formula for E implies that E 1 dE 
has a simple pole at A = oo and E~ l dE = Ya=1 + [ a i>^L where v = 
v + (q — This proves the claim. 

Method 2: ODE Backlund transformation 

The new solution g- iS{K * v can be also obtained by solving a system of 
compatible ODEs: Set 6 X = E~ l dE and 6 X = E' 1 dE. Since E = g a ^Eg~\ 
and g a ^ is independent of x, 9\ = gOx^ 1 — dgg , or equivalently, 

0x9 = g0\ - dg, (9.2) 

where g = g a ,n- Multiply (|9.2p by (A — a) and compare coefficients of A* to 
see that tt must satisfy 



j Tfx, + [aaj + [a,j , v] , tt] = (a - a) [aj ,tt\tt l , l<j<n, 

I ir(x) = TT{X). 7T = IT, 

and g a ^ * v = v + (a — o)tt* Moreover, given v, 

(1) system (19. 3p is solvable for fr if and only if v is a solution of the 
U (n)-system, 

(2) if v is a solution of the t7(n)-system and n the solution of (19.3p . then 
v = v + (a — ajn* is a solution of the [/(n)-system, where 7f* is the 
projection of 7r onto .A -1 along A 

Method 3: Linear Backlund transformations 

Suppose 7r is the Hermitian projection of C n onto V = Cyo. Set 

y[x) = E(x,a)~ 1 (y ). 

The normalized parallel frame of g a>7T * v is g aj7r E(x, ')g^\[ x )i where tt{x) is 
the projection onto Cy(x). Differentiate y to get 

dy = -E- 1 dEE- 1 y = -6 a y. 

So y is the solution of the following linear system 

f dy = -9 a y = - E"=i( a i« + i a j, v }) dxj, ^ 

In fact, given u : 1" -> n 

(1) system (|9.4p is solvable if and only if v is a solution of the ^-system, 

(2) if v is a solution of the -^--system and y is a solution of (|9.4p . then 
9a,n *v = v + [a — a)7r*, where 7r(x) is the Hermitian projection of 
C™ onto Cy(x). 

Note that the first and third methods are essentially the same because 
solutions y of ([9.4p is E(-,a)~ 1 (yo), where E( ■, ct) is a parallel frame for 6 a . 

If dim(Ini7r) = k, then we first choose a basis y®, . . . , yj? of Im-zr. Let j/j be 
the solution of (|9.4p with 7/j(0) = y®, V(x) the linear subspace spanned by 
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yi(x), . . . ,Vk(x), and %{x) the Hermitian projection of C n onto V(x). Then 
the new solution is g a ^ * v = v + (a — a)n*. 

Permutability formula [55j 

The permutability formulae for Backhand transformations for the SGE, 
the GSGE, Ribaucour transforms for flat Lagrangian submanifolds in C n 
and for fc-tuples in R n of type W k ~ i,e can be obtained in a unified way. This 
is because 

(1) geometric transforms on these submanifolds correspond to actions 
of simple rational elements in the negative loop group, 

(2) if gi have poles at on for i = 1,2, then we use residue calculus to 
factor g\§2 = /2/1 such that f{ have poles at a, for i = 1,2. 

Permutability formulae can then be obtained from the fact that the geomet- 
ric transforms are actions. 

We use ?7(n)-system as an example to explain this method: Given g aij7T1 , 
9a 2 ,n 2 with ai 7^ ±0:2, let t~i,T2 be the projections such that 

Imri = g a2 ,ir 2 ( a i)(I m7r i)> Im.T2 = g a \,m (a 2 )(Im7r 2 ). (9.5) 

Then 

9a 2 ,r 2 9ai,TTi = 9a 1 ,r 1 ° 9a 2 ,w 2 - (9-6) 

This gives a relation for rational elements in R T _(G) with only one simple 
pole. 

Formula (|9.6p leads to a Bianchi type permutability formulae for Backlund 
transformations as follows: Let vq be a solution of the J7(n)-system, and 
Eq{x, X) its normalized parallel frame. Let 7Tj(x) denote the Hermitian pro- 
jections of <C n onto Eq(x, aj)" 1 (ImiTj) for j = 1,2. Then 

Ej(x,\) = g a . t7rj (X)E (x, X)g a .^ x - ) (X)~ 1 

is the normalized parallel frame for 

Vj = g aj w *v = v + (ay - atj)(TVj)*, j = 1, 2. 

Use the fact that L T _ (G) acts on the space of solutions and the permutability 
formula (|9.6p to get 

^3 = 9a 2 ,r 2 *vi= g a2tT2 * (g ai ,Tn *v ) = g ai , n * (g a2 ,n 2 * v ) = g ai>T1 * v 2 . 

But 

^3 = ^1 + («2 - ct 2 )(f 2 )* = v 2 + (ai - ai)(fi)«, where 
Imf 2 = Ei(x,a2)~ 1 (ImT 2 ), Imfi = E 2 (x, ai) _1 (Imri). 

So t>3 can be given by an explicit formula in terms of vo,vi,v 2 . This gives 
the permutability formula for the [/(n)-system. 

Action of K T _(G) 
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The method we used to construct the action of g a ^ * v works for the 
action of any / G 1Z T _{G) on v as follows: First we write 



/(A) = I+ £ / " 



for some constants a« E C and P« G gl(n). Let i£ be the normalized parallel 
frame of a solution v of the ^-system. We assume fE(x) = E(x)f(x) where 
f(x) has poles at ati, ■ ■ ■ , with order ni, . . . , respectively, i.e., 

/>,A)=I+ £ hj{x) 



Let denote the symmetric space constructed from two commuting invo- 



Reality condition gives /(x,A) _1 = f(x,X) . Then f(X)E(x,X)f(x,X)^ 1 = 
f(X)E(x,X)f(x,X)* should have no poles at A = aj for 1 < i < k. We 
can use these conditions to solve Pij(x). This computation is long and 
tedious. However, if we find a set of generators of the negative rational 
loop group 7Vi{G) with minimal number of poles then we can simplify the 
computation by using permutability formulas (relations) for these generators 
or the algebraic BT. 

Simple elements and generators 

u 

K 

lutions r, a, and lZ^l a (G) denote the subgroup of rational maps / : S 2 — > G 
that are in I/f (G). A / G 7Z[f(G) is called a simple element if / can not be 
factored as product of /1/2 with both f\ and fi in lZ[f (G). The following 
are known: 

(1) Uhlenbeck [59] proved that 

{g a ,7T I a G C, 7T* = 7T, 7T 2 = 7t} 

generates the negative rational loop group satisfying the f7(n)-reality 
condition. 

(2) Note that 

( a ) 9is,n satisfies the ^|^y reality condition if s G K and n = tt. 

(b) if q G C \ ilR, 7r is a Hermitian projection of C ra , and Imp = 
9a,-w{— a)(Im7f), then 

fa,n — 9—a,p9a,TT 

satisfies the reality condition. 
Terng and Wang [58J proved that these elements generate the nega- 
tive rational loop group satisfying the ^^y-reality condition. 

(3) Donaldson, Fox, and Goertsches [21] construct a set of generators 
for 1Z T,a (G) when G is a classical group. 
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Backlund transforms for Q^|-system [55] 

The methods described above for constructing algebraic and analytic BT 
and permutability formula for U (n)-system work the same way for general 

■^-system. For example, <7i Si7r satisfies the reality condition. If v is a 

solution of the ^^y-system and E is its normalized parallel frame for the 
Lax pair of v, then: 

(1) E(x,-) satisfies the jj^j reality condition. 

(2) Since 0\ s = Y^i=i(* sa i + \ a ii v \) an d a « ^ s diagonal in u(n), 9i s is a 
sl(n, R)-valued 1-form. Hence E(x, is) € SL(n,M) and E(x, is)(Im7r) 
is real. 

(3) gis,n * v = v + 2is7r* is a solution of the ^^y-system, where fr is the 
orthogonal projection of W 1 onto E(x, is) _1 (Im7r). 



10. Action of simple elements and geometric transforms 

Suppose a class of submanifolds in Euclidean space admits a local coor- 
dinate system and an adapted frame such that its Gauss-Codazzi equation 
is the -^--system (or twisted -^-system) for some symmetric space If 
the adapted frame and the immersion of the submanifold can be obtained 
from the parallel frame of the Lax pair of the corresponding solution of the 
■^-system, then the action of a simple rational loop on the parallel frame 
of a solution of the ^-system gives rise to a geometric transform of these 
submanifolds. We explain how this is done for K = — 1 surfaces in M 3 , 
flat Lagrangian submanifolds in C n , and fc-tuples in W 1 of type M. k ~ e,i . We 
have given a unified method to construct Permutability formula for actions 
of simple elements on the space of solutions and normalized parallel frames 
of -^-systems in section 9. Hence if we know how to read geometric trans- 
forms from the action of simple elements on parallel frames then we can 
obtain an analogue of Bianchi's Permutability Theorem for these geometric 
transforms. 

BT for K = — 1 surfaces in M 3 and action of g^ S 7T 

Let 9is,ir be the rational map defined by (|9.ip with s € M and it real. It 
was noted by Uhlenbeck in [60] that the dressing action of <?i S;7r on solutions 
SGE gives rise the Backlund transforms for K = — 1 surfaces in M 3 . 

Let q be a solution of the SGE, 2q xt = sin 2q, and E(x, t, A) the normalized 
parallel frame for the Lax pair 

a i ; °) + (° ) dx + -i ( cos 2 ? - sin l q ) dt. 

l) \q x I I 4A V — sin 2g -coszql 



Then 



(10.1) 
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corre- 



is the immersion of a K = —1 surface in su{2) (identified as 
sponding to the solution q of SGE. We have seen that E = gu^Egr. is the 
normalized parallel frame for gi s ,n*Q, where tx{x) is the orthogonal projection 
of M 2 onto E( x, is) (Ini7r). Then 



E 



\ + is 



A — is 

is a parallel frame for g- ls n * q, and 



i- dE p-i 



(10.2) 



(10.3) 



is the immersion of a K = —1 surface in su{2) corresponding to g- ls ^ * q. 
Note that E G SU(2). To see the properties of the transform / i— y /, we use 
(110211 and (11031) to get 



_L 



Let (cosy(x),siny(x))* denote the unit direction of the real line Im7r(x) C 
IR 2 . Then a direct computation then implies that 



/ = / + sin( 



T: 



where s'mO 



and 



e\ = cos 2y Ei 







- sin2y£;i 











E. 1 



is tangent to /, where Ex = E(-, Use (|10.2[) to see that / — / is tangent 

to /. In other words, / i— > f is a BT with angle 9. 
n-submanifolds in M 2n 1 with constant curvature —1 

Let L± denote the positive and negative groups defined in Example 17.111 



for the oSxo'm 
map satisfies the 



-system twisted by 02 • First we construct a simple rational 

0(n,n) 



-reality condition up to scalar functions. A direct 
reality condition up to scalar functions, then 



0(n)xO(n) 

computation shows that if g(X) 



S ; P satisfies the $$o\ n y 



P 



1 C l 

c 1 



In other words, g must be of the form 



9p,cW 



1 

p 



+ 



A 



1 

C 



C 1 I3 
P 



A 

sC 



A/3 



where /3, C € 0(n). 

Let A be a solution of the GSGE, and E(x, A) the normalized parallel 
frame for the corresponding Lax pair 9\ defined by (I6.4j) . Note that E(x, •) € 
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L + . Suppose gpj(\)E(x, A) = E(x, X)g^ x) ^ x) (X) with j3(x),C(x) € 0(n) 
and E(x, •) € L+. Then 

is holomorphic for A € C. So the residue at A = s is zero, i.e., 

(i, W x, s) (J <(5 -if)=o. 

This implies that 

/ 3*(7 = (r ?2 + /3r ?4 )' 1 ( ? ?i + /3%), where E{; s) = ( Vl V2 ) . 

Set 

(P,Q) := (l,P)E(-,s). 

Then d(P,Q) = (P,Q)9 S = (P,Q) M ^ s ) , D s = \( s l + s -\j), 

or equivalently, 

idP = Pw + QD S A5, 
\dQ = P5A l D s . 

If X := —Q~ l P, then we get the BT given in Theorem 13. 8t 

dX = Xd^DsX -Xw- D S A5. 

This explains the following Theorem of [6] in terms of the action of gp,c'- 

Theorem 10.1. Let s be a non-zero real constant. Consider the linear 
system for y.W 1 ->■ M n x2 n : 

i V = y{D,AS S T')> *>. = §<* + •"'A (10.4) 

Then 

(1) System (jlQ.4p is solvable if and only if A is a solution of the GSGE. 

(2) If y = (P,Q) is a solution of (fTTH]) with Q G GL(n), then X = 
—Q~ l P is a solution of BT (|3.16p for GSGE and X is a solution of 
GSGE. 

In other words, (|10.4p can be viewed as the Linear Backlund transform 
for GSGE. 

Definition 10.2. Ribaucour transform for submanifolds [21] 

Let M and M be two n-dimensional submanifolds in M. n+k with flat 
normal bundle. A Ribaucour transform is a vector bundle isomorphism 
<I> : v(M) — > v(M) covers a diffeomorphism (j) : M — > M satisfying the 
following conditions: 

(1) $ maps parallel normal fields of M to parallel normal fields of M, 
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(2) for each p € M and v € v{M) p , the normal line p + tv intersects the 
normal line 4>(p) + t$(v) at equal distance r(p,v), 

(3) d(j) p maps common eigenvectors of shape operators of M at p to 
common eigenvectors of shape operators of M at 4>(p), 

(4) the tangent line through p in a principal direction v meets the tan- 
gent line through (f>(p) in the direction of d(f> p (v) at equal distance, 

Let M be a submanifold in R n+fc , and (ei, . . . , e n+ k) an orthonormal frame 
on M such that (ei, . . . , e n ) are principal directions (i.e., a common eigen- 
frame for the shape operator of M) and (e n +i, . . . , e n+ fc) is a parallel normal 
frame. Let M be another n-submanifold with flat normal bundle, <j> : M — > 
M a diffeomorphism, (e n +i, . . . ,e n+ k) a parallel normal frame for M, and 
ej is the direction of d(p(ei) for 1 < i < n. Then <f> is a Ribaucour transform 
if 

(a) ej is a principal direction for M for 1 < i < n, 

(b) there exist functions hi, ... , /i n +fc on M such that 

0(p) + hi(p)ei(p) = p + hi(p)ei(p), 1 <i <n + k 
for all p £ M. 

Flat Lagrangian submanifolds in C n 

Let (/3,/i) be a solution of the gfefe^n -system, 6*a its Lax pair (|6.9p . and 
( E X\ 

F = ( ^ j the normalized parallel frame of We have seen in section 

[6] that for each r G R, X(-,r) is a flat Lagrangian immersion in C n corre- 
sponding to solution /i) (the associated family). We review the action of 

two types of simple elements on the space of solutions of the Q^j^n -system 

and derive the corresponding geometric transformations (|58j). 

The action of /i Q>7r 

We compute the action of /i QjVr on flat Lagrangian submanifolds in C n , 
where 



9ia,Tv 
pi A+ia 
u X-ia 



U(n) kC 71 

with a € R and ir = it. Note that h a ^ satisfies the q^^u reality condition 
up to scalar functions. 

We claim that the action of h a ^ gives a Ribaucour transform for flat 
Lagrangian submanifolds in C n . To see this, first we factor gF = Ff with 

o i)> l- \ ^ 

where ^ = tz^ ^Vj v( x ) = E(x, — ia)~ 1 X(x, —ia), and tt(x) is the Hermitian 
projection onto y(x) = E(x,ia)^ 1 (limr). It follows from reality conditions 
that both 7T and r\ are real. 
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We assume Imir is of one dimension and is equal to Myo- Let 

y(x) = E(x,'\a)~ l {yo)- 

Then 

VT = 77-^. (10.5) 

\\v\\ 

Equate the 12-entry of fF = Ff to get gX = E£ + j^X. This implies 
that 

X = g-^ + ^ 9 ^X, 
A — \a 

where g = g\ a ^ and g = g ia ^. Set X = ^^9^X. Then 

2ia 

X = X + —^71-77 (10.6) 

\ — la 

is a flat Lagrangian submanifold in C n corresponding to the solution (j3, h), 
where /? = ft — 2a(n)* and h = h — 2a7rrj. 

Claim that (|10,6p is a Ribaucour transform. To see this we first note that 

E=^ 9 r]J = E(,l + ^) (10.7) 
A — la > A — la 

is a parallel frame for the Lax pair of (/3, h). Hence 

E-E= -=^Ett. (10.8) 
A — la 

Write E = (ei, . . . , e n ) and E = (e±, . . . , e n ). By (|10.5p . we see that the j-th 
column of -^P- Ett is equal to jjjZ, where 

z _ 2ia Ey 
A — ia | |y| | 2 

By fpTTTB]) and (fTfTKj) . we get 

g j - ej = y^, (10.9) 
l_X = -^(e i -e i ) (10.10) 

y% 

It remains to compute the relation between parallel normal fields of X and 
X. The parallel tangent frames for X and X are V = EA~ 1 and V" = EA -1 
respectively, where A(x) = E(x,0) and A(x) = E(x,0). By (|10.7p . A = 
A(l — 2tt). Compute directly to see that 

V = EAT 1 = E(l + -?^7f)(I - 2n)A- 1 
\ — ia 

= E (l - -^^A- 1 = EA- 1 - -^EnA~ l 
X — ia A — ia 

= V- T ^EnA- 1 . 
A — ia 
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Thus we have 

iA n 

Vj -vj = —(^2a jk y k )Z, (10.11) 

k=l 

where Vj and Vj are the j-th column of V and V respectively. Since X, X are 
Lagrangian, v n+ j = ivj and v n +j = idj are parallel normal fields for X and 
X respectively. As a consequence of (jlO.lip . (|10.9p and (|10.10p . we have 

X ~ X = ~ xv^n ~ - (Vn+j - Vn+j)- 

This proves that X i— )• X is a Ribaucour transform. In fact, this is the 
Ribaucour transform found in |20j . 

JTie action of k- ia ^ 

We claim that the action of ki a ^ gives an Combescure O-transform for 
flat Lagrangian submanifolds in C", where 

I ib 



X—ia 

1 




First factor 

k ia , b F = Fk = 
Then 

i(6 - E x Er}b) 
y = X + - — - 

A — ia 

Moreover, if A E R then Y is a flat Lagrangian submanifold of C n corre- 
sponding to the solution h), where h = h + E(-,ia)~ 1 b. Note that the 
transform X i— > V is a Combescure O-transform. 

fe-tuples in R n of type R fc ~ £ ^ 

It is known that the Darboux (or Ribaucour) transforms for Christoffel 
pairs of isothermic surfaces in R 3 and for Christoffel pairs of isothermic 
surfaces in R ra can be derived from the action of a simple rational map by 
dressing actions (cf. [TB I IM] and [TTl[T2] respectively). Ribaucour transforms 
are constructed for fc-tuples in R n of type B, k ~ i,e in [Til EH] using dressing 
action of a simple rational loop. Recall that Christoffel pairs of isothermic 
surfaces in R ra (for n > 3) are 2-tuples in R n of type R 1 ' 1 . So the construction 
of Ribaucour transforms for fc-tuples in R n of type R fc_ ^ contains the surface 
case. 

Simple elements for the o^)xO{k-i \) - s U stem 

Let W G R n and Z € R k ~ e > e with length 1, i.e., W*W = Z%_ t/ Z = 1, 

, fw\ 

and 7r the projection of C n+ onto C I J , i.e., 



7T 



1 (WW* iWZ' 

2 [iZW* ZZ l 



51 



CHUU-LIAN TERNG* 



Note that tttt = tttt = 0. Let s G R. Then 



. A + is . , w _ A — is . _.. 
Pis,-, = (tt + - — r (I - 7r))(ir + Yxr(I - *")) 

A — IS A ~r IS 

A + is_ A — is 

= "T —IT + — 7T + I — TT — TT 

A — is A + is 

satisfies the o^n™xO<jf-e e) ~ rean ty condition. 
Theorem 10.3. pH [25] 

iet £ = (F, 7) 6e a solution of the o^)xO{k-}i) - svs t em > an( ^ E(x,X) a 
parallel frame for the Lax pair 9\ defined by (|8.6I) , Let W G R n and Z G 

ygk-£,£ fo e un a vectors, tt the projection of C n+k onto C • Then: 

-1 / ^1 ■ f .t / W(x) \ , Trpn 7 njfc-O 



(1) F^is)" 1 I .^j is 0/ ifce /orm I 1 with W eK", Z G 

and = Z'lfc-i^Z. 

(2) T/ie action p iS)7r * <!; = (F, 7) + 4s(.ZW*)* ; w/iere 77* = ry — X2i=i ^M^i 
/or fcxn matrix n = (iftj) and W(x) and Z(x) are the unit directions 
of W(x) in R n and Z(x) in R fc_ ^ respectively. 

(3) E(x,X) := E(x,X)pi 8 fif x \(X) is a parallel frame for the Lax pair of 
Pis,-K * where n is the projection onto C(W, iZ)*. 

We use Theorem I10.3[ E = Epi s % and a straight-forward computation to 
write down the geometric transform on /c-tuples of type R fc_ ^ corresponding 
to the action of pi Sj7r . We state the results for the case n = k + 1, and similar 
results hold for higher co-dimension. 

Theorem 10.4. Ribaucour transform for /c-tuples pTJ [25] 
Let E,pi s ft,E be as in Theorem \10.3l and n = k + 1. Then: 

(1) There are M(k+i)xk valued maps E,S such that 





9E x 

d\ E 



HA dE p _ x 
H 4 J oh ~d\ h 



A=0 



JH* 



A=0 

w/iere J = \ k -i,t = diag(ei, . . . , e k ). 

(2) Given a non-zero vector c G R fc ~^, H(x)c is a hypersurface in R fe+1 
with flat normal bundle, x is a line of curvature coordinate system, 
and the first fundamental form I = X)i=i 9a satisfies the condi- 
tion that X^iLi i- s e Q ua l t° the length of c in R fc_ ^. In particular, 
if c is a nwZZ vector in R fc_ ^ i/ien He is an isothermicg hypersurface 
(as defined in \5.12\) . 

(3) For any Ci,C2 G R fc- ^, H(x)ci 1— > H(x)c2 is a Combescure O- 
transform. 

(4) Zei C = (ci, . . . , Cfc) 6e a constant matrix in GL(k), and 

Y = (Y 1 , ...,Y k ) = EC, Y = (Yi, . . . , Yfc) = SC. 
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Then: 

(a) Y, Y are k-tuples in R k+1 of type R k ~ £ ' 1 , 

(b) If all columns of C are null vectors in M. k ~ i,e , then Yi,Yi are 
isothermici hypersurfaces in R fc+1 for 1 < % < k. 

(c) E(x,0),E(x,0) £ 0(k + l) x 0(k -£,£). 

(d) Write E(,0) = ^ £),*M)-(* ° ) , 

gx = (ex, . . . , e k+1 ), gx = (e 1 ,..., e k+1 ), 
and W = (qi, . . . , qk+iY ■ Then 

Yi = Yi ^ ^2 Qj e j- 

S 3=1 

(e) Yi(x) i — y Yi(x) is a Ribaucour transform for 1 < i < k. In fact, 
we have 

~ _ Z l g 2 1 c l _ _ Z l g 2 1 c i 
sqj sqj 

for all 1 < i, j < k + 1. 

Note that a solution of the J^)xO{k-l i) ~ s y s tem gives rise to a family of 
isothermic^ /c-submanifolds in M n parametrized by the null cone of R fc ' 
and any two submanifolds in this family are related by Combescure O- 
transforms. But for the converse, we need to have k or k — 1 isothermic^ 
/c-submanifolds in W 1 related by Combescure O-transforms to construct a 
solution of the o^)xO{k-i i) ~ s y s t em - This is because Theorem 16.11 (l)-(3) 
hold for any Combescure O-map Y = (Yi, . . . ,Y m ) : R k — > M nX m- So the 
connection o(k — £, ^)-valued 1-form r = 5F l — JF5J has m parallel sections, 
and r is flat if m = k — 1 or m = k. 

References 

[1] Ablowitz, M.J., Kaup, D.J., Newell, A.C. and Segur, H., The inverse scattering trans- 
form - Fourier analysis for nonlinear problems, Stud. Appl. Math. 53 (1974), 249-315 

[2] Ablowitz, M. J., Beals, R., Tenenblat, K., On the solution of the generalized wave 
and generalized sine-Gordon equations, Stud. Appl. Math. 74 (1986), 177-203 

[3] Ablowitz, M.J., Clarkson, P.A.,Solitons, non-linear evolution equations and inverse 
scattering, Cambridge Univ. Press (1991) 

[4] Adler, M., On a trace functional for formal pseudo-differential operators and the 
symplectic structure of the Korteweg-de Vries Type Equations, Invent. Math., 50 
(1979), 219-248 

[5] Beals, R., Coifman, K.K., Scattering and inverse scattering for first order systems, 

Commun. Pure Appl. Math. 37 (1984), 39-90 
[6] Beals, R., Tenenblat, K., Inverse scattering and the Backlund transformation for the 

generalized wave and generalized sine-Gordon equations, Stud. Appl. Math. 78 (1988), 

227-256 



56 CHUU-LIAN TERNG* 

[7] Bobenko, A. I., Surfaces in terms of 2 by 2 matrices. Old and new integrable cases, 
Harmonic maps and integrable systems, Aspects Math., Vieweg, Braunschweig, E23 
(1994), 83-127 

[8] Bobenko, A. I., Discrete indefinite affine spheres, Discrete integrable geometry and 
physics, Oxford Lecture Ser. Math. Appl., Oxford Univ. Press, New York, 16 (1999), 
113-138 

[9] Brander, D., Curved flats, pluriharmonic maps and constant curvature immersions 
into pseudo-Riemannian space forms, Ann. Global Anal. Geom. 32 (2007), 253275. 

[10] Brander, D., Grassmann geometries in infinite dimensional homogeneous spaces and 
an application to reflective submanifolds, Int. Math. Res. Not. 21 (2007), 38pp 

[11] Brack, M., Du, X., Park, J., and Terng, C.L., Submamfold geometry of real Grass- 
manman systems, The Memoirs, vol 155, AMS, 735 (2002), 1-95 

[12] Burstall F.E., Isothermic surfaces, conformal geometry, Clifford algebras and inte- 
grable systems, in Integrable systems, geometry, and topology, 36 (2006), AMS/IP 
Stud. Adv. Math., 1-82 

[13] Burstall F.E., Donaldson, N.M., Pedit, F., Pinkall, U., Isothermic submanifolds of 
symmetric R-spaces, preprint: arXiv:0906.1692 

[14] Burstall, F., Hertrich-Jeromin, U., Pedit, F., Pinkall, U., Curved ats and isothermic 
surfaces, Math. Z. 225 (1997), 199209 

[15] Cartan, E., Sur les varietes de courbure constante d'un espace euclidien ou non- 
euclidien, Bull. Soc. Math. France, 47 (1919), 132-20 

[16] Ciesliriski, J., The Darboux-Bianchi transformation for isothermic surfaces. Classical 
results versus the soliton approach, Differential Geom. Appl. 7 (1997), 1-28. 

[17] Ciesliriski, J., Goldstein, P., and Sym, A., Isothermic surfaces in E s as soliton sur- 
faces, Phys. Lett. A 205 (1995), 37-43. 

[18] Dai, B., Terng, C.L., Periodic and homoclinic solutions of the modified 2 + 1 Chiral 
model, J. Math. Physics 46 (2005), 14 pp 

[19] Dajczer, M., Tojeiro, R., Flat totally real submanifolds of CP n and the symmetric 
generalized wave equation, Tohoku Math. J., 47 (1995), 117-123 

[20] Dajczer, M., Tojeiro, R., The Ribaucour transformation for flat Lagrangian subman- 
ifolds, J. Geom. Anal. 10 (2000), 269-280 

[21] Dajczer, M., Tojeiro, R., An extension of the classical Ribaucour transformation, 
Proc. London Math. Soc, 85 (2002), 211-232. 

[22] Darboux, G., Sur les surfaces isothermiques, C. R. Acad. Sci. Paris, 128 (1899) 
1299-1305 

[23] Darboux, G., Lecons sur les systemes orthogonaux et les coordonneees curvilignes, 

(1910), Gauthier-Villars 
[24] Donaldson, N., Fox, D., Goertsches, O., Generators for Rational Loop Groups and 

Geometric Applications, preprint: arXiv:0803.0029 , to appear in Transactions of AMS 
[25] Donaldson, N.; Terng, C.L., Isothermic hypersurfaces in R n+1 , preprint: 
larXiv:0809.3608l 

[26] Donaldson, N., Terng, C.L., Conformally flat submanifolds in spheres and integrable 
systems, preprint: arXiv:0803.2754 

[27] Drinfel'd, V.G., Sokolov, V.V., Lie algebras and equations of Korteweg-de Vries 
type, (Russian) Current problems in mathematics, 24 (1984), 81-180, Itogi Nauki 
i Tekhniki, Akad. Nauk SSSR, Vsesoyuz. Inst. Nauchn. i Tekhn. Inform., Moscow 

[28] Eisenhart, L.P., Transformations of surfaces, (1962), Dover 

[29] Ferus, D., Pedit, F., Curved flats in symmetric spaces, Manuscripta Math., 91 (1996), 
445-454 

[30] Ferus, D., Pedit, F., Isometric immersions of space forms and soliton theory, Math. 

Ann., 305 (1996), 329-342 
[31] Fordy, A. P., Kulish, P.P., Nonlinear Schrodinger equations and simple Lie algebra, 

Commun. Math. Phys., 89 (1983), 427-443 



GEOMETRIC TRANSFORMATIONS AND SOLITON EQUATIONS 



57 



[32] Fordy, A. P., A historical introduction to solitons and Backlund transformations, Har- 
monic maps and integrable systems, Aspects Math., E23 (1994), Vieweg, Braun- 
schweig, 728 

[33] Gu, C, Hu, H., Zhou, Z., Darboux transformations in soliton theory and its geometric 
applications, Modern Mathematics Series, (1999), Shanghai Scientific and Technical 
Publishers 

[34] Hertrich-Jeromin, U., Pedit, F., Remarks on the Darboux transform of isothermic 
surfaces, Doc. Math. 2 (1997), 313-333 

[35] Hertrich-Jeromin, U., Introduction to Mobius differential geometry, London Mathe- 
matical Society Lecture Note Series, 300 (2003), Cambridge University Press, Cam- 
bridge 

[36] Krichever, I.M., Methods of algebraic geometry in the theory of nonlinear equations, 

(Russian) Uspehi Mat. Nauk 32 (1977), no. 6(198), 183-208; English translation: 

Russian Math. Surveys 36 (1981), 11-92 
[37] Kupershmidt, B.A., Wilson, C, Modifying Lax equations and the second Hamiltonian 

structure, Invent. Math. 62 (1981), 403-436 
[38] Moore, J.D., Isometric immersions of space forms in space forms, Pacific J. Math., 

40 (1979), 157-166 

[39] Musso, E., Nicolodi, L., Tableaux over Lie algebras, integrable systems, and classical 

surface theory, Comm. Anal. Geom., 14 (2006), 475-496 
[40] Palais, R.S., The symmetries of solitons, Bulletin AMS, 34 (1997), 339-403 
[41] Palais R.S., Terng C.L., Critical Point Theory and Submanifold Geometry, Lecture 

Notes in Math., vol. 1353 (1988), Springer- Verlag, Berlin and New York 
[42] Pressley, A., Segal, G. B., Loop Groups, Oxford Science Publ., Clarendon Press, 

Oxford, (1986) 

[43] Rogers, C, Schief, W. K. Bcklund and Darboux transformations. Geometry and mod- 
ern applications in soliton theory, Cambridge Texts in Applied Mathematics, (2002) 
Cambridge University Press 

[44] Sattinger, D.H., Hamiltonian hierarchies on semi-simple Lie algebras, Stud. Appl. 
Math., 72 (1984), 65-86 

[45] Schief, W. K., Konopelchenko, B. G., On the unification of classical and novel inte- 
grable surfaces. I. Differential geometry. R. Soc. Lond. Proc. Ser. A Math. Phys. Eng. 
Sci. 459 (2003), 67-84 

[46] Sym, A., Soliton surfaces and their application in: Soliton geometry from spectral 
problems, Lecture Notes in Physics 239 (1985), 154-231 

[47] Tenenblat, K., Backlund's theorem for submanifolds of space forms and a generalized 
wave equation, Boll. Soc. Brasil. Mat., 16 (1985), 67-92 

[48] Tenenblat, K., Transformations of manifolds and applications to differential equa- 
tions, Pitman Monographs and Surveys in Pure and Applied Mathematics, 93 (1998), 
Longman, Harlow 

[49] Tenenblat, K., Terng, C.L., Backlund's theorem for n-dimensional submanifolds of 

R 2 "- 1 , Ann. Math. Ill (1980), 477-490 
[50] Terng, C.L., A higher dimensional generalization of the sine-Gordon equation and its 

soliton theory, Ann. Math. Ill (1980), 491-510 
[51] Terng, C.L., Soliton equations and differential geometry, J. Differential Geometry, 45 

(1997), 407-445 

[52] Terng, C.L., Geometries and symmetries of soliton equations and integrable elliptic 
systems, Advanced Studies in Pure Mathematics, 51 (2008), Survey on Geometry 
and Integrable systems, 401-488 

[53] Terng, C.L., Soliton Hierarchies from involutions, to appear in the Proceedings of 
2007 ICCM at Hangzhou, China. 



58 



CHUU-LIAN TERNG* 



Terng, C.L., Uhlenbeck, K., Poisson actions and scattering theory for mtegrable sys- 
tems, Surveys in Differential Geometry: Integrable systems (A supplement to J. Dif- 
ferential Geometry), 4 (1998), 315-402 

Terng, C.L., Uhlenbeck, K., Backlund transformations and loop group actions, Comm. 
Pure. Appl. Math., 53 (2000), 1-75 

Terng, C.L., Uhlenbeck, K., Geometry of solitons, Notice, A. M.S., 47 (2000), 17- 25 
Terng, C.L., Uhlenbeck, K., The n x n KdV flows, preprint: |arXiv:nlin/0611006| 



Terng C.L., Wang, E., Transformations of flat Lagrangian immersions and Egoroff 
nets, Asian J. Math. 12 (2008) 99-119. 

Uhlenbeck, K., Harmonic maps into Lie group (classical solutions of the Chiral 
model), J. Differential Geometry, 30 (1989), 1-50 

Uhlenbeck, K., On the connection between harmonic maps and the self-dual Yang- 
Mills and the sine-Gordon equations, J. Geom. Phys. 8 (1992), 283-316 
van Moerbeke, P., Integrable foundations of string theory. Lectures on integrable sys- 
tems, (1991), 163-267, World Sci. Publ., River Edge, NJ, 1994 

Wang, E., Tzitzica transformation is a dressing action, J. Math. Phys. 47 (2006), 13 
pp. 

Wilson, G., The t -functions of the QAKNS equations, Integrable systems, the Verdier 
Memorial, Progress in Math., 115 (1991), 147-162 

Zakharov, V.E., Shabat, A.B., Exact theory of two-dimensional self-focusing and one- 
dimensional of waves in nonlinear media, Sov. Phys. JETP 34 (1972), 62-69 
Zakharov, V.E., Shabat, A.B., Integration of non-linear equations of mathematical 
physics by the inverse scattering method, II, Funct. Anal. Appl., 13 (1979), 166-174 

Department of Mathematics, University of California at Irvine, Irvine, CA 
92697-3875 

E-mail address: cterngOmath . uci . edu 



